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ABSTRACT

During a collision between two objeas inpact load iggeneratedSuch evergcould

for example happewhen a vehicle crashes into a barrier or when an object is thrown

into a wall by strong windThe response from such anpactcan be very different

from when a static load is appliedhe approeh regarding collision impacts

presented in Eurocode is very limited and simplified, and the subject needs to be

i nvestigated f urt luses a sinplifiedswo Meged af freedom t h e s i s
(2DOF) system and a finite eleme(fE) modelto analyse theesponses during a

collision between aoving objectand a simply supportezlasticbeam.

Basic theory of dynamics and collision analysis are presented togethetiffatient
ways of approximating the material behavio8everal dynama models, such as
classic theory,2DOF springmass system and FE analysis are described and
implemented. A parameter study is performed to decidetwhroperties are most
critical. This shows that the ratio of the eigenfrequencies of the involved objects is
governing fator for how the response of the system behaves.

The response from a collision depends greatly on the structural propértirstwo
objects involved. ¥hicle crash tests arimereforestudied in order to determine
reasonable properties to be used fohigkes in a collision impact analysi#. is
established that the material response of a vehicle has a bilinear relationship with a
stiffness increase after a certd@formationjn contrast to Eurocode where enstant
stiffness value is used which alsovery low compared to what is found in the tests.

To be able to implement a beam in the 2DOF system it needs to be treawdgls a
degree of freedonsystem. For this purposé&ransformationfactors arederived to
translate the beam properties in arttebe applicable in the springass system.

A collision impact can be seen as a point load actingaabus distances from the
support This needs to be considered in the analysis which is carried out using several
different points of impacand elastianaterials A comparison of the results from the
2DOF and FE models is then made to assess how well the simplified system manages
to describe the responsk.can be concluded that the 2DOF system shows a good
correlation with the FE analysis when the fregcy ratio is low or when loading

close to midspan. When the frequency ratio is high the 2DOF response will be on the
unsafe sidéor all loading positions, but the deflection will still correlate well.

Key words: Collision impact, impulse load2DOF, FEM, dynamic response
momentshear forcetransformation factorssehicle stiffness, crash test
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SAMMANFATTNING

Vid en krock mellan tva kroppar skapas en kollisionslast. Detta kan vara nar ett
fordon kor in i ett hinder eller nar ett objekt slungas in i en vagg av stark vind.
Responsen fran en sadan kollision kan vara mycket annorlunda jamfort med om lasten
vore statisk. Tillvagagangssattet i Eurokod &r ganska forenklat och begransat, och
detta amne maste darfér undersokas djupare. Detta examensarbetdearatiin
forenklat tvafrinetsgradssystem (2D@fstem) och en finita element (FE) modell for

att analysex responsenid en kollision mellan ett inkommande forem@th en fritt
upplagdelastiskbalk.

Grundlaggande teori om dynamik och kollisionsanalys presenteras tillsammans med
olika metoder for att uppskatta materialets beteende. Flertalet dynamiska modelle
sasom klassisk stotteoeft 2DOFmassdjadersystem och en FEodell beskrivs

och implementeras. En parameterstudie genomfors for att bestdmma vilka egenskaper
som har storst betydelse. Denna visar att kvoten av de ingdende kropparnas
egenfrekvensedr en viktigfaktorfor att beskriva hur systemet beter sig.

Den respons som uppstar vid en kollision beror till stor del pa de strukturella
egenskaperna hos de tva aktuella kropparna. Darfor har krocktester av bilar studerats
for att kunna uppskatta vilkgparametrar somar rimligt att anvanda vid en
kollisionsanalys. Det visar sig att fordon har en bilinjar arbetskurva dar styvheten tkar
efter en viss deformation. Detta i motsats till Eurolsmn anvander ett konstant
varde pa styvheten som dessutom arkaytigre an vad som visas i testerna.

For att kunna implementera balken i 2D&ystemet har transformationsfaktorer
harletts Desseomvandlaibalkens egenskaper for att galla i ett mdgsdersystem.

En kollision kan ses som en punktlast som traffarefidgodtyckligt avstand fran
stodet vilket tas till hansyni berakningarna genom att flera olika traffpunkter ingar i
analysen. Resultaten fran 2D@fistemet och Fodellen jamfors sedan for att
beddma hur val det férenklade systemet beskriver respobDseikkan konstateras att
2DOF-systemet visar god Overrensstammelse meardtysen nar frekvenskvoten ar
lag eller nar lasten traffar nara balkmittamNfrekvenskvoten istéllet ar hog visar
2DOF-systemet resultat pa oséker sida for alla traffpunkter,dordbr nedbojningen
som verkar stdmma bra 6verrens for alla testade fall.

Nyckelord: Kollisionslast, impulslast, 2DOBystem, FEM, dynamisk respons,
moment, tvarkraft, transformationsfaktorer, fordonsstyvhet, krocktest.
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1 Introduction
1.1 Background

During a collision between two objects an impact load is generated. Such events could
for example happewhen a vehicle crashes into a barri@hen an object is dropped

onto a flooror thrown into a wall by strong wind. The resperisom such an impact

can be very different from when a static load is apped thestructuralproperties of

the objectsill be of great importance for the dynamic behaviour

The approach regarding tision impactpresented in Eurocods very simplifed and

the knowledge in this field of study is generdlipited. Thereforethe subject neds

to be investigated further and alternative methods for analysis, both detailed and
simplified, needs to be studied.

1.2 Objective

The objective of i i s Ma ssisésrtd iavestigates acollision impact and the
resulting responses using both simplifeaad more advancedesign approache$he
different methodsjncluding a two degree of freedon2DOF) systemand a finite
element(FE) model, will also be compared teee how well the simplified methed
areable to describe theeal behaviour.Furthermore it needs to be studied under what
conditions it is adequate to use a simplified method and when a more refined method
needs to be implementeé .literature study treeng the basic theory of dynamics will

also be carried out and a summary of this will be composed and implemented in the
thesis.

Furthermore ti will be investigated how the response from a collision depends on
different structural properties of the invot’ebjects An importantdesign situation in
real lifeis vehicle impagtbut the knowledge about the structural parameitgsich

an objects limited in the field of structural engineerinfherefore ehicle crash tests
areto bestudied in order to detmine reasonable propessi to be used for vehicles in
collision impact analysesA collision impact can be seen as a point load acting at
various distances from the suppantd the importance of impact position for different
responses, such as moment ahédar force, will be examined.

1.3 Scopeand limitations

In this thesisthe effect of dampingis omitted since itin most casefhas a small
influence on the response of a collision impdcie to therelatively short duration of
the load It would also makéhe analysemore complicated thawhat isneeded.

Moreover this report my treatssimply supported beamaith elastic responsé his
choice is made in orddp be able tobe thorough enough when studying different
aspects of the subject.
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1.4 Method

A literature study covering thealic theory ofdynamics and collision analysis
includingdifferent ways of apmximating the material behaviqus carried out.

Several dynamicaimodels, such as classic theory, 2D&ptringmasssystem and

FE analysisare then desibed and implemented. TR®OF system is modelled in the
commercial software MATLAB and is based on the fundamental equation of motion.
The central difference method is then used to find a numerical solution of the
displacement in eachme step. The FBAnalyses ar@erformed in the commercial
software ADINA 900 nodes versioPADINA R & D, Inc (2014) Here the colliding

object is modelled as a point mass connected to a spring and the beam is modelled by
elastic ® beam elerants. The FE analyses ansed as a refemee throughout the

report and arassumed to be a sufficiently good representation of reality.

The response from a collision depends greatly on the structural propértiestwo
objects involved. A parameter dfy is therefore performed, using the dynamical
models, to decide which properties are the most critiéethicle crash tests aadso
studied in order to determine reasonable properties to be used for vehmdsion
impact analyses.

To be able to iplement a beam in the 2DOF system it needs to be treated as a single
degree of freedom (SDOF) systefro be able to do thigransformation factors are
derivedin order totranslate the beam propertiéghese can then be implementad

the springmass sysm.

Each analysis is carried out using several different points of impact to simulate an
arbitrary impact position on the beairhis will also affect the transformation factors
since tle shape and size of the deflection is different for different impasitiquas. A
comparison of the results from the 2DOF and FE models is then made to assess how
well the simplified system manages to describe the response.

Finally an example of aranalysis is carried out where a vehicle crashing irteam

is investigated.Here the 2DOF model, with different material responses for the
vehicle, is implemented and compared to tedculation method described in
Eurocode. A recommeation for which of the simplifieénalysismethod to use in
different situations is also propexs

1.5 Thesis outline

Chapter 2 contains most of the background theory used for this thesis including basic
concepts of dynamics, how to treat different kind of material behaviours and a
description of dynamic models such as the spaingss system.

Chapter 3implements the dynamic modelsreviously described i€hapter 2 and
contairs a parameter study to decide which variables are the most important. It also
examines the effect of a rigid barrier being present.

Chapter 4 examines whstructural parameterrereasonable to use for vehicles that
crashes into a barrier, and also describes the beam studied in thisAldessription
and derivation of how the beam is transformed for use in the 2D@lel is
presentedFurthermore a description of how impdotd is treated in Eurocode is
included.
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Chapter 5 contains detailed analyses of impact on a simply supported beam. Both the
2DOF system and FE mddare used for the analysis and the methods are well
described. e models aralso compared to determinevhavell the simplified 2DOF

system is able to capture the response in the beam, and to decide when each model is
proper to use. The effect of the impact position on the beam response is also studied to
decide the most critical loady position. Finally a céculation examplewhere a

vehicle crashing into a column is carried out using reasonable garanpeeviously
discussed in thithesis.

Results and the discussion of these are treated individually in each chapter, but a
concluding discussion of the whoteport is carried out itChapter 6 together with
recommendations for further studies. Referengsed in this thesisan be found in
Chapter 7.Several appendices are attached at the end of the report and contain
additional results that are not includedhe main chapters.
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2 Basic Theay
2.1 Basic concept®of Dynamics

To understand the mechanics behind whkabappeningduring

a collision between

two objects, it is necessary to be familiar with some basic dynamical conlcepts.
collision, the impact load wilact during a very short time, opposite taa static load.
Thereforesomefundamental theory of dynamics is presented in this sedimsed on

Johansson and Lairf2012)

2.1.1 Velocity and acceleration

Mean velocityw is definedas distance moved by an objegqti, during a certain time

intervalod,
__Du
V=—
Dt

If the time stepthenis consdered as infinitely small, i.eqt -

(2.1)

0, the velocityv is

defined as the change of an objects position with each instant of time

2.2)

This is basically the same as the speed of an object, eitwpgpeed does not

describe in which directioanobject is moving.

Analogously the accelerationa is defined as the change of an objects velocity with

each instant of time

2.1.2 Force and pressure

(2.3)

Force can belescribedasthe ability to accelerate the mass of ayoothis relation

between forcé&, massmand accel erati on

F=m&

is stated in

(2.4)

To define the forc@er unit aeaA the physical quantity pressuPecan be used

p=t
A
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2.1.3 Momentum and impulse
The momentunp of a body with maseiand velocityy can be defined as

p=mQ@ (26)

If the body has an initial velocity ab and is subjected to a forét) during a certain
time periodty Ot Ot;, it will have a final momentum of

4
p=mQ, =mQ, + i () dt (2.7)

fo

Thechange in momenturwan be described as the impulseansferred to the body
4

| = ffF (®)dt (2.8)
to

andcan be seen as the area under the graph in atforeadiagram, se€igure2.1.

When studying impact loads the maximum force is often not the most relevant
parameterinsteadthe impulses of major imporance since it relates tlaeting force

with the duration of the impact, sEgure2.1.

F /]\ FooY D F F

A A A

KIO F2,1

lo Faoo

> t

v
—
v
—

to0 Y O t1 t22

Figure2.1 The impulseglis equal to the area under tiggaphin theforcetime
diagram. Herethe impulses of equal sizen all three cases.

2.1.4 Work and kinetic energy

A force that is acting on a body is said to do work when the action results in a
displacemenbf the body. The work\V, done is only dependent on the fofggthat is
acting in the direction of the displacement

W, =F, @ =F @osf ) (2.9

wherel is the angle between the acting force and the direction alipéacement,
seeFigure2.2a.

The work done by a variable forcencaore generfft be written as
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(2.10)

Figure2.2 a) A force doing workn a body, b) a moment doing work on a body.

A momentM acting on a body can analogously do wavk when a rotationd is
generated

W, =M @ (2.11)
where the moment, séggure2.2b, is defined as
M=FO (2.12)

More generally when the moment varies with #rglea, the work can be defined as
q
W, = fjM (a)da (213
0

The kinetic energ¥, of a body withmassm andvelocity v is defined as

Rules

E = 2.14
= (214

Both work and kinetic energy is quantities of energy and both of them needs to be
considered in a collision analysis to determinetthial response of the objects

2.1.5 Equation of motion

The equatiorof motion describes the behaviodram object in terms of its motion in
time and is based agguilibriumof forcesandNe wt on 0 s .Sleequatidn ol a w
motion is used when studying a spAmgss systenilhe forces acting on a body is
divided into oneexternal force=(t) and two internal force$isia andRyyn @as shown in
Figure 2.3. The internal forcesire reactions due to boundary conditioose static

and one dynamic, which are dependent ordibplacemenandvelocity respectively

this gives
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F(t) - (Rsta + Rdyn) = m@. (215)

The inner restraints can for a linearly elastic response be stated as

R =k (2.16)
and
Riyn = C ¥ (2.17)

wherek represents the stiffness or spring constantatite damping coefficientf
these two expressions are combined with the equilibrium stated abevgetwthe
final expression for the equation of motion

m@# c @+ k= F(t) (2.18)
o> u . a
FO jp—_l ) e Rn
—> —> —>» m
k Rsta

Figure2.3 lllustration of forces acting on aacceleratingoody, and how this can
be modelled as a spriagass system with damping.

2.2 Structural internal resistance

2.2.1 Structural response

The response of a structure can be dividiei infinitely many cases, but the
following three are the most commondageneralizedcases;elastic, plastic and
elastoplastic response, séggure2.4. According to equatioi2.10) the internal work

W canbe seen as the area under grapltBigfigure.

R R R
A 4 * /
k X/
Ryfb-————————; // Utot = Uel + Up
/
Rol Roi II /
A
| /sstiffnessk at
W Wi /: W'/ unloading
|
> U > u ' > u
Uel Upi Uel Utot
a) b) C)

Figure2.4 Loaddisplacement curves for different structural responses, a) elastic,
b) plastic and cglastaeplastic.
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These responses are based on a simplification of the real behaviour of different
structures and materiaghich gives a good and useful approximation. For the linear
elastic responsethe stiffness k, is assumed to be constant and #lagic load
capacityRg to be infinitely large. Howevem specific point of failureor maximum
load capacitycould also bespecified The deformatiornug is fully elastic and will
return to zero afteanloading. For the plastic responsiee stiffnesds not a relevant
parameter and thplastic load capacityRy is the only parameter influencing the
response. The deformation is fully plastic and will be permanent even after
unloading. The final response, elaglastic response, is a combination of themer
two; it has an elastic behaviour up to its loaapaxcity and a plastic behaviour
afterwards. The total displacemeny; consists of both arlasticus and a plastiaiy
part. The elastplastic response is the one closest to reality for mosttatesand is
therefore recommended for analys8sit, for simplicity, if the plastic deformation
capacity of a structure ismall, it canbe wise to use the elastic mod®id if the
stiffness of the structure is higihe plastic responsmnbe usednstead

The stressstrain curves ifrigure 2.5 areillustrations of the reamnaterialbehaviour of
concrete and steelhe response for concretieigure 2.5a, is often simplied to an

elastic behaviour with a maximum capacityfgfin compression. For a reinforced
concrete beam the strength of concrete in tension is, due to cracking, often neglected
in analysis. Instead the reinforcement determines the governing strengtitycapa
tension.In the curve describing the reinforcemerigure 2.5b, both an elastic and a
plastic partcanbe distinguishedThe elastic part shows substantialllireear elastic
behaviour but the plastic pakhibits some strain hardening. This ¢edisregarded

and the curve can conservativelybe estimatedwith a simplified elasteplastic
behaviour similar to the structural response s@efigure2.4c.

Oe N Us,
fut
tension .
fa 4 Y
. U
compression
tension
b fcc
3 ’Q
a) b) Wy

Figure25  Stressstrain relationship for a) concrete and b) reinforcement in
tension

The impulse created during collision impact can be of various different shapes
depending on the struotl properties othe colliding bodies such as masstiffness
and loading capacity For a simplified casevhere a body crashes in@ non
deformablebarrier, three differenttypes ofimpulses are illustrated ifigure 2.6,
where the forcé- actingon the barriers plotted against timg Johansson and Laine
(2012) Howeverin reality both bodieswill become deformed during the impact and
the resulting impulse wilget a more omplex form, his is discussedfurther in
Chapter3.
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a) b) C)

Figure2.6 Different shape of impulse for three different responsashiody
during a collisioninto a rigid barrier, a) elastic response, b) plastic
response and c) elaspastic response.

In Figure 2.6 the different size of the impulse of reaction forgés visualized for the

three responsef, e andF, are the maximum resulting load acting on the barrier in
the elastic respectively in the plastic case seen here, the impulse is twice as large
for the elastic responsge, compared to the impulse for the plastic respopgeThe
reason for thidoehaviour is that the momentum of the body, during the impact, will
change fronpg to zero for the plastic case, while it will change frpgto i po for the

elastic case. This can Heought of as two impulses,tiie total impulse ifrigure2.6a

is divided at the time of maxinmu force, into two equally big parts. Then the first
impulse is acting when the body has a positive velocity, and the second impulse is
acting during the bounce back period, when the velosityegative For the elasto
plastic response, the impulse will be somewhere between the impulses of the other
two responses.

The ability of a structuréo absorb energy is vital for its performance under impulse
loadng. An external work is done from thepact loadF and can be set equal to the
kinetic energy of a projectile.rAinternal work, based on the internal resistaRead
deformation capacityis thencreatedto balance up the external woleeFigure 2.7.

The external and internal warld; and W, can be seen as tlmtegralsof the force
deformation curveThe barrier is here seen as a body which can be deformed.

F F, R
A
KF(U)
t
lF(t) l F(u) R(u)
m \l,a — m _ji_u W,
IRa) I Rav) U > u

Figure2.7 lllustration of how internal works created from an impulse lo&ol
balancetheexternal work
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Here F is theforce from the incoming object acting on the barrier, ddds the
reaction force acting ithe barrier. The incoming objects here assumed to have an
elasticresponse and the barrier is assumed to han@nlnearplastic response.

This internal work can be achieved in different ways depending on the structural
properties. A structure with highiffbess will get small deformations but large
reaction forces, while a low stiffness will give large deformations but smaliorac
forces In opposite to what is preferable for a structure subjected to static loadmg, it
thereforeoften better for atsucture to have a low stiffnesnd large deformation
capacitywhen sibjected to impulse loading. The latter case witjeneralgive higher
energy absorptiomapacityby usingthe material in a morefficient way, sed-igure

2.8.

R
A
Rt
Wo > W1
W2
- /
2 /

Figure2.8 Internal workdonein two different materialsonewith high strength
andlow deformation capacitgnd onewith low strength andhigh
deformation capaity.

2.2.2 Plasticrotation capacity

When a plastic or elasfglastic response is used for a beam it means that the concept
of moment redistribution is utiled and that the maximum deflection is the governing
factor for the design of the beam. This deflectioan be translated, using
trigonometry, into anaximum rotationor plastic rotatiords, at the points wheréhe
plastic hinges are formedeeFigure 2.9. The method for determining thalastic
rotation capacity deeribed in thisection is based on Eurocodé@EN, 2004)and is

only valid for the ultimate limit state (ULSk designthe plastic rotatiorshouldnot
exceed the rotation capacitl,Odj.

0.6h 0.6h

T

— —-—
— —

——
sl __:ld h

Figure29 Pl ast i ¢ s of@tranfoiced rconafete section in a continuous
beam CEN(2004)
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The plastic analysis in Eurocode can be useithout further check of rotation
capacity, if the following three conditions are fulfille€CEN (2004)

I. the area of the tensile reinforcement is limited as
a. X,/ d< 0.25for concretestrengthclassOC50/60
b. x,/d< 0.15if concrete clas®C55/67
II.  reinforcementused is okitherclassB or C, seeTable2.1
lll.  the ratio betweemtermediatesupport momeniMg and field moment;
should fulfil0.5 OMs/ M; 02.0

wherex, is the depth of the compression zone in the ultimatg $tate, ULS, and is
the effective depth of the crasection.

These conditions fanse ofthe plastic design are presumably based on a static loading
point of view andaretherefore not valid for an impulse laaéor this kind of load the
plastic rotéions can beconsiderablylarger, andmore detailed checks of the rotation
capacity are therefe needd in collision analysisthis isfurtherdescribed below.

Table2.1 Definition of reinforcing steelclasses according to Eurocode 2

CEN (2004)

Class | fy[MPa] fuc ! i [-] G [%0]
A | 400-600 01.05 025
B | 400-600 01.08 05.0
C | 400-600 | 0115&<135 | O75

The reinforcementlasses specified in Eurocode 2 afghe new European standard
which replaced the old Swediglystemabout 20 years ag®hen analysing older
structuresit can therefore be difficult to translate the old types of reinforcement to
t o d atandlasdsThe old types were in general more ductile aothe of them even
more ductil e Chnseaning tioey allgw@d a geebter plastic rotation
JohanssoandLaine (2012) This is important to keep in mind when dealing with
older structures.

The plastic rotation cagity dy for a beam witrspecifiedreinforcement and concrete
class is given as a diagramhigure 2.10. Here is only reinforcement clagsandC
represented, sice class A is not recommended to be useglastc analysis.The
diagramis clearly visualisinghow the reinforcement will faifirst if the amount of
reinforcement is small and how the concrete will fi@ist if the beam is well
reinforced. For an optimal plastic behaviours necessary to have a mé&rcement
amount near theoundarybetween these two failure mechanisms.
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Figure2.10 Plastic rotation capacitydy for different reinforcement and concrete
clases Limit between reinforcement and concrete failure for one type
of concrete with class C reinforcement is visualisEide values apply
only for a sheENR04gnderness o of 3

For the plastic hinges to be formed in the considered reglom$ollowing conditions
regarding the area of the tensile reinforcenmer@dgo be met

. x,/d< 045for concrete strQngth claéxC50/60
.  x,/d< 0.35if concrete clas®C55/67

The values for the plastic rotation capacity givekigure2.10 needs to be multiplied
with a correctionfactor k.. for beam cross sections withshear slenderness: other
than 3

Tora =K, @1y (2.19
and
/
k, = 3 (2.20)

The shear slenderness is defined as

/ =2 (2.21)

d

where |y is the distance between tlzero momentsection and maximum moment
section after redistribution ardtis the effective depthlThe shear slenderness can in a
simplified way be calculated as

(2.22)
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whereMgy andVgq are the design bending moment and the correspomwidisignshear
force.

Eurocode 2 ighe only standard treated this section buhot the onlydesign code
which givesrecommendationgor how to calculatethe plasic rotaion capacity.

Bk 25:2 (Fortifikationsférvaltningen, 1973nd BetonghandbokegiCederwall, et al.,
1990)are two othehandbooksthough a little bit older, thateatsthe same subject.

In JohanssorandLaine (2012)a comparison is madesetween the methogsesented

in these three standardBhe resultshows that Eurocode produces reasonable values
for the rotation capacity that liesrmewhere in between the vakifom the other two
methods

2.3 Dynamic models
2.3.1 Classic impact theory

A simple way to study onedimensional collisiorbetween twdodiesis to use the
classic impact theory. Is based on the assumptions ttie first bodyhas an initial
velocity of vo and a mass ofr, and the second bodyas no initial veloity and
massm,. After the impact the velocities are assumed tosb@nd v, respectivelyas
shown inFigure2.11.

Yoy, v=0

Before impac m m

V; V
1 2E

After impact my mp

Figure2.11 lllustration of a body with a certain velocity colliding with @her
body without any velocity. After the collisidmoth bodies will havea
newvelocity.

The kinetic energy and momentum before the impact are

.
E.o = ml;% (2.23)
po =m Qy (2.24)

The classic impact theory can describe both an elastic and a maliston by
changing the @efficient of restitution(COR) e, between 0 (plastic impact) and 1
(elastic impact). If the COR is9e< 1 it means that the impact is somewhere in
between elastic and plastic, the CORea$ined by

(2.25)

The final velocities of théwo bodiesafter the impact are consequently
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v =M-eon o

S Tmm, o (2.26)
v, :%(% (2.27)

For an elasticcollision both the kinetic energy and momentame preserved in the
impact. This gives £0R ofe= 1 and the final velocities become

(T iy Q, (2.29)
_ 208n .
Voo = m+m Q% (2.29)

From these equations it can be noted that is negative ifm; < mp, meaning that
body1 will be moving in the opposite direction after the imp&cidy 2 on the other
hand will always be wving in the positive directioni.e. the initial directionof
movementof body1. If my = m, body1 will be stationary after the impact and all
energy will be transferred tmody?2.

For a plasticcollision only the momentunis preservedande = 0. The kineic energy

is here reduced because of the transformatigotenial energy during theluration

of the plastic impactThe final velocity of the twdodieswill be equal, thus they
move together after the impact

Vigpl = mlTlmz Q, (2.30)

From this equation it can be seen thai, will be half the size oflp whenm, = m,
and thatviop - 0 whenmy << mp, meaning all kinetic energy will be transformed
and absorbed ihody1.

It is also possible toabcribe a elastoplastic behaviour for a case wher @< 1,
which means that the response lies somewhere between the elastic and plastic case.
The difficulty with this case is how to decide on what value of the COR to use.

The kinetic energwfter the mpact can be stated as a function of the initial kinetic
energy. For an elastic collision

ml("ym2 m am - m, . o] oml—mz(")z..
Ejg=—FT""=7 Q. = (E‘ (2.31)
kel 2 2% 08 éﬁn+n]2§ k,0
. R .. 2 L
E =t MG 200 G 40RO o (2.32)
. 2 28m+m, "% (m+m,)

andfor a plastic collision the total kinetic energy is
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_ (ml + rnz)@LZ.plz _m+m a m
Ek,pl - 2 - 2 %nl + rnz ®O

The amount of kinetic energy acting in the positive direction of the system, regardless
the value ok, can be describedsa

SSLLL Y (2.33)

v,¢0
for *

B+t Eq. v; >0 (2.34)
With the help of this equation a ratio between the initial and final kinetic energy
acting in the positive directiocanbe calculated Ex3/ Exo, as a function othe ratio

of thebodiesmassesm / m,. Therelationship isherepresentedor different values of

the COR in a graph, séegure2.12.

1.2 |
e=0
e=0.5
1.0 ____. e=1 /' /,m-_
/

o
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Seo

o

SN
\\\
\

Ratio of kinetic energ¥,;/ Eyg [-]
o
(o))

o
N
L
SN
~
~
S

-

0.001 0.01 0.1 1 10 100 1000
Mass ratiom,/ m, [-]

Figure2.12 Ratio of kinetic energy, acting in the positive direction, as a function of
the mass ratio, for different values of twefficient of restitution,.e

If my < m,, which is usually true for the type of collision that will be studied in this
report, thedifference in response for an elastic and plastic collision caxessed
asa ratio of the final kinetic energies acting in the positive direction

Eisel _ Bizel _ 40n, _ 4
Eisp Bop m+tm M 4 (2.35)
m,

From this ratio it is @&@ar that the kinetic energy for the elastic case is larger, which
makes sensgince as stated before, all kinetic energy is preserved. Whémy, - 0

the kinetic energy is four times larger for the elastic case and mhem, - 1 it is

two times large
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This relation can also be seenFigure2.12, and it is clear that the difference is not
evened out untilm; / mp >100. From this, one can understand the importance of
choosng a correct value for the COR.

2.3.2 Single degree of freedom

Perhaps the simplest dynamical model is a spmags oscillator shown in
Figure2.13.

— U(1)
k

VIV

R S

T m —=F(t)
¢ O @) X
T
Rsta g
m —=F(t)
Rdyn"'_

Figure2.13 Single degree dfeedom spring mass oscillator.

Since only one variabley, is needed to describe the instantaneous position of the
mass, this is called aingle degreeof freedom (SDOF) system. The equation of
motion for this system can be written as

Mt cif+ ku= F(t) (2.36)
The effect of the dampingis considered negligible for applications dealt with in this
report due to the short time period of the load application amathathe maximum

displacement is of interest. If the system undergoes free vibration, medaft)g- O,
the homogeneous secoendler differential equation becomes

méH ku=0 (2.37)
The general solution of equati¢a37) is
u(t) = A coswt + A, sinwt (2.38)

whereA; and A, are constants that are chosen so that the initial conditions will be
satisfied. In this case, the initial conditions displacement and velocity are

u(0) = u, (2.39)
v(0) = =V, (2.40)

Also ¥, is the undamped natural circular frequency, defined by

1€
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w, = % [ra%] (2.41)

So by applying the initial conditions to equatid@.38), the timedependent
displacement for free vibration of an undamped rspsBYy oscillator is

Vo .
u(t) = u, coswt +—>sinwt (2.42)

n

Equation(2.42) only applies for free vibration, and equati¢Z¥3) is a nore general
solution that is used to determine the complementary solution when the external force
Fit)i o

u(t) = A coswt + A, sinwt + ? (243

A very important special case is the response of an undamped SB@m 4y a short
duration impulse. If we consider a force with a duratignmuch smaller than the
period time,T, of the SDOF system, thattis<< T, the impulse is defined as

| = dff(t)dt (2.44)

If the system is at rest fo100, the equation of motion and initial conditions are

cF(t) O<t<t
4 ku:ie ®) d
i O 0 (2.45)

u(0)=#(0)=0

By integrating equatiof2.45) with respect to timerad applying the initial conditions
we get

met, ) + Ku, ty =1 (2.46)
where uayg is the average displacement in the time interval t& ty. By letting

ts- O, mening that impulse corresponds to therabteristic impulse, the second
term in equatior{2.46) can be ignored, which gives

me{0* )= | (2.47)

Thus the impulse gives the mass an initial véjoof
o)

but leaves the initial displacement to

=L (2.48)
m
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ul0*)=0 (249

These expressions c a ionsfoethedrseevithratiansprofiemni t i al 0
By using these conditions in equati@¥?2) we get the impulse response

.
t)=—— t
u(t) %m5|nm (2.50)

The unit impulse respae function is obtained by lettiig= 1, and is by convention
often calledh(t)

1
h(t) = ——sinut
(t) il (2.51)

2.3.2.1 SDOF loaded with characteristic impulsd ¢

In Figure 2.14 a characteristic impulse for an ideal impulse load, a time dependent
load with infinitely high pressure acting during an infinitely short time, is shown.

=
i -

> t

ta

Figure2.14 lllustration of the characteristic impulseg |
The action of an impulsé,, acting on a body with masscan be expressed as

. =mQ (252
The kinetic energyky, for the same body with velocityis

Rulcs

E
K 2

(2.53)

which means that by combiningquations(2.52) and (2.53) the kinetic energy
generatedby an impulse acting on a body with massan be expressed as
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E, =— (2.54)

The kinetic energyEy, transferred into an impulse loaded structure can be seen as
exterior work,We. This need to be in equilibrium with the interior worky, of the
body in order to counteract the initiated movement coming from the impulse. This
means an energy balance is obtained

W, =W (2,55

e

which is the basis used in the calculation model for an impulse loaded structure. The
interior work can act in different ways depending on its type of response. Here an
elastic, a plastic and an elagtiastic structural response will be further examined.

2.3.2.2 Elastic system
For an elastic system, segure2.15, the interior reaction forc&(u), is expressed as

R(u) = k G (2.56)

wherek is a constant sfifess andu is the displacement. Based on this the interior
work canbe calculated as

W = R(uel)®lel — kuelz

. ; : (2.57)

whereug is the elastic displacement needed to absorb the external work according to
Figure 2.15c. By combining equationg2.54) and (2.57) the needed elastic
deformation can be expressed as

u, =—° (2.58)

Uel Uel

a) b) c)

Figure2.15 System with linear elastic response: (a) SB&y&em, (b) load
deflection relationship, (c) energy equilibrium between external and
internal work.
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2.3.2.3 Plastic system

When considering a plastic system, Begure2.16, the internal reaction force is set to
a constantapacity,R. The internal work can then be expressed as

W =R{u,, )@, =Ru, (2.59)

whereup is the plastic displacement needed to absorb the external work according to
Figure 2.16c. By combining equationg2.54) and (2.59) the needed elastic
deformation can be expressed as
| 2
u,=—= 2.60
P 2mR (269

R F,R

R We

\\\Wi
» U

Up| Up|

v
c

a) b) c)

Figure2.16 System with plastic response: (a) SD&Jstem, (b) loadeflection
relationshp, (c) energy equilibrium between external and internal
work.

2.3.2.4 Elasto-plastic system

For an elastplastic system, se€igure 2.17, the internal reaction forc&(u) is
expressed as

R( ) éku, ucu,, )61
u)=j _
:, R, u>ug, ( )
whereug; is the limit for elastic response, which is
R
Ugy = M (2.62
The internal work can on the basis of this be expressed as
R
W= (s +2u,,) (263
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and by combining equatid2.63) with equationg2.54) and(2.55) the required plasti
deformation can be calculated as

2
ueI,l uel 1

=u, - 2’ (2.64)

_

u = -
Pl omR 2

whereuy is the plastic response for a pure plastic system. The total deformation can
then be calculated to

ueI 1

utot = uel,l + upI,1 = upI + 7 (265)

|Fo
m :‘LU Utot = Uer,1 + Upia

R W,
|
R(u
(\1%_? : W R Utot = Uel,1 + Upl1
I ] ~
| > U i LY
Uel,1 Utot Uel1  Utot
a) b) c)

Figure2.17 System with elastiplastic response: (a) SDOBystem, (b) load
deflection relationship, (c) energy equilibrium between external and
internal work.
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2.3.3 Multi -degree of freedom

——=U; = Ll
kl k2
Fa(t) AWM R VWS
— my — — - —
L 117) L
Q QO e O [ORk:
7

7

Figure2.18 Two-degree of freedom stem (DOF) consisting of two masses,
springs and dampers respectively.

In Figure 2.18 we see a twalegree of freedom system (2DOF) consisting of two

masses. In order to derive the equation of motion for thismysttle wt ond6s Secon
Law is applied. Firstly freqody diagrams are drawn for each of the masses with the

unknown internal forces labelled, segure2.19.

Rstaﬂ. Rstal RstaQ
Fi() Fa(t)
—— - My —

F\)dynl I'-\>dyn1 mp Rdyn2

Figure2.19 Free-body diagrams showing all forces, both internal ancel,
acting on the two masses

Force equilibrium for the two masses gives
-:aFk-= m@f =F(t)- R - Riyn (2.66)

- a Fz :mzﬁg = Fz(t)"' R_,tal"' Riynl- &taZ - Rjynz (2-67)

The spring forcesRs1 and Ry, are related to the displacements and the viscous
damping forcesRqym andRyyrp, are related to the velocities

Ria =k (U - u,) (2.69)
Ry = C,(# - @) (2.69)
R = KoU, (2.70)
Riye = Coth 2.72)

By combining and simplifying the above expressions the following is obtained
m#f - Cl(t#i - l#z)' kl(ul - uz) = Fl(t) (272

mz#é' Cll#i+l#2(cl+02)- k1u1+u2(k1+k2):|:2(t) (2-73)

29 CHALMERS, Civil and EnvironmentaEngineering Ma st e 20480Thesi s



Equaions(2.72) and(2.73) can be written on matrix form

em Oze#fz ec, -¢ za#z+ek - k, zeulz eF(t)z 274
§o mBl S c ool €k‘l<+k&§z &,y |

or with symbolic matrix notation
M+ Ce#+ Ku = F(t) (2.75)

where M is the mass matrixC is the viscous damping matriX is the stiffness
matrix, u is the displacement vector and=(t) is the load vector
CraigJr.andKurdila (2006) When comparing equatio(2.75) to the equation of
motion for a SDOF syste({2.18), it can be seen that they have the same arrangement.

In orderto calculate the natural frequencies and mode shapes of the system the
damping is set to zero. To keep it more general the equation of motion is from now on
written on a more general form

emy, mlz@#f@ ek, keeu g eF (e

= 2.76
Gm,, m Y &, k%0 &, ) (79

where k1 = ki, ki> = ko1 = -k; andky, = ki-kz, In the same way as for a SD@Fkstem
the solution will consist of one complementary solution, obtained by setting the force
vector to zero, plus a particular solution.

u(t) = uy (t) + u.(t) 2.77)

The complementary solution determines the natural frequencies and natural modes of
the system which is very important for further analyses. The equation of motion now
has the form

emll mlzﬂ?ﬂffZj d(ll knzeulﬂ g

2.78
sz mzz'l.%%u 8<21 22@% 8)1,1 ( )

The system is assumed to undergo harmonic motion of the form
u,(t)=U, coqut - a)

(2.79

u,(t)=U, codut - a)

where U; and U, are signed catants that are used in order to determine the
amplitudes of the two sinusoidal motions. This is then substituted into eq(@&#én
in order to obtain the algebraic eigenvalue problem

agk, k12 emu ml2908U g_ &g

2.80
(;%<21 22u gmu mzzuﬁjzu g)u ( )
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The only nonrtrivial solution to this set of homogeneous linear algebraic equations
correspond to values af that satisfy the characteristic equation

&k, k.o Wzé'mll mlgg_é)ﬂ

7

T = &0 (2.81)
8(21 kZZH 1 rnZZH g)H

Equation (2.81) is solved for the two roots labelledl;? and ¥, these are the
eigenvales and¥;O¥,. The parameterssr; and ¥, are the circular natural
frequencies of the system expressed in rad/s. In order to calculate the natural modes,
or the eigenvectorsy,® is substituted back into the first row of equati@80) in

order to obtain the mode shape ratio

b ‘éu2§ (2.82)
1 T 8 .

p =, 0 283

The mode shapes is characterized by the following notation

&g éelg
F=g 0=Aé o r=12 (2.84)
&0 8

where A, is a constantThe general solution of equatid8.76) is then with natural
frequencies and mode shape ratios inserted

u,(t) = A codwit - @)+ A, codust - a,)
uz(t) =bA COS(M/lt } al)+ b, A, COS(WZt } 82)

where the constantgy, A, : Bnhd U, are determined by initial conditions
CraigJr.andKurdila (2006) Usually the initial conditions aney(0), ux(0), t(0) and

t(0). In this solution the damping is neglected, since it has little effect on the
maximum response during a short term impact. An alternate way to write the general
solution is

(2.85)

u,(t) = A codmit) + B, sin(imt) + A, cogust) + B, sin(ust)

u,(t) = b,A codwit) + b,B, sin(wt) + b,A, cow,t) + b,B, sin(n,t) (2.86)

Where the constani;, Ay, B; andB, are determined by initial conditions.ift also
possible to write equatiof2.86) on vector form using the notation in equat{@®84),
it then becomes

u(t) = AF, codwgt) + BFF ; sin(wgt) + AF , codwt) + B,F , sin(wst) (287)
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2.3.4 The Central Difference Method

The Central Difference Method is an explicit solution method for the numerical
solution of seconarder differential equations in structural dynamics applications.
Recall the equation of motion, here weit on matrix form

M G+ C G+ K (r = F(t) (2.89)

whereM is the mass matribxC is the damping matriX is the stiffness matrix&(t) is
exterior load vector and, u-and u is acceleration velocity and displacement
vectoss respectively. It is aonditionally stable method where each tistep,ae tmust

be less than a critical tirrtepaed;i;, otherwise there will be an error that grows to
such proportions thahe obtained solution quickly becomes worthless. The critical
time step can be expressed as

Dt =Wi=ze"/|vu< E (2.89)

crit
max

where ¥ max IS the highest eigenfrequency of the system. It should be notednthat i
particular for SDOFsystems, a substantially smaller tistep mightstill be necessary

in order to obtain an accurate solutidhich timestep to use in different situations
depends on a combination of the load configuration and the response time of th
system, but usually a tirrsep in the magnitude of one hundredth of the duration of
the load works wellJohanssoandLaine (2012)

The basis of the Central Difference Method is the simple faifterence expressions
for velocity and acceleration

u -u
i = (2.90)

o = Upor - ZI:fit tUi o

(2.92)

When the finitedifference expressions for the first and secorativdtives are
substituted into the governing equation of motion evaluated at ttiiee discrete
governing equation results in

aM C & %, 2Mag  am C &
+——0,, +%(-—0J + +——au,.  =F(t 2.92
fﬁiz 2@+ " ¢ Dt? = fﬁiz 710) Sl ®) (2.92)

Ultimately the deflection at time dcan be written as

(2.93)

aor

o A A 2045 AM . C 3
Uy = (DM +26DXC 1%&0)- %( "o e g%ﬁJrﬁ%J"”

As seen all terms on the right hand side in equdB®@8) is from the timet ort1 o,
which means that thdeflectionu. 4 can be solved using already known information.
Also a reasonable approximatjomwhich is on the safe side for an impulse loaded
structure, is to put the damping to ze@s 0. This is due to the fact that an impulse
load is normally acting during a very short time, meaning that the effect of the
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damping on the maximum deflection is negligihlehanssoandLaine(2012) This
simplifies equatior{2.93) to

Uy = (DE2M- %(t) %( 2@/|o a“Dt_thD‘g (2.94)

From equation(2.94) it can be seen that the Central Difference Method needs a
special starting step since in the first step whattulating tle displacementiy

i nformation about tt Is emeeditak Fdr ¢his reasoma special t | me
starting step is used, expressed as

[12
U., =U,- Dt G, +— G# (2.95)
2 0

in order to start the numerical ansily.
The Central Difference Method is summarized aalgarithmin Appendix A

There is several other related methods to solve this type of problem, for example the
Newmarkb Method and the Wilsod Method. These methods aretndiscussed
further in thisthesis;instead readers are referrediaigJr. andKurdila (2006)

Earlier in this section the stiffneds, is assumed to show a linear elastic behaviour.
However, it is relatively easy tosa the same expressions but with a-hosar
material response. Since the stiffneKs,is given for timet when calculating the
displacement at time + adtis possible to use a secant stiffness in ordeleseribe a
nonlinear response, sdagure 2.20. That is, by letting the stiffness at timée a
function of the present deflection(t), meaningk: = ki(w), it is posible to compute
the stiffnessfor an arbitrary material response. In equai{@94) it is not really of
interest to describe the stiffness per se, but the internal Ryaagting in the current
time-step

R =k @, (2.96)
The secant stiffness is therefore expressed as
= @97
ut
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Figure2.20 Secant stiffness at time t for a system with arbitrary material properties.

In the same way it is possible to adapt the stiffness durinpading. By keeping

track of if the currentstiffness should correspond to loading or-lofiding it is
possible to adapt the stiffness to the present case. For example, it is possible that for a
plastic response allow the offind onloading correspond to a desired linedastic
stiffness up to aertain yieldstress, and for further loading, with growing plastic
deformations, letite secant stiffness take over.
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3 Analysis of Collision M odelsand Parameter Study

In this chapter collisions will be simulated and their responses studied. For this
purpo® a algorithm for a2DOF springmass system wasreated using the
commercial softvare MATLAB, see Appendix H where he @ntral difference
method isused to find a numerical solution of the displacement in each time step

3.1 2DOF systemwithout barrier

In this section the response of a system during a collision will be studied. With the
starting pont in the classic impact theothe 2DOF sytem, with the stiffness of
body?2 k; set to zero, @&n be utilized for the analysis, déigure3.1.

Classic theon 2DOF system
Vo _ Vo —
2> v=0 — v=0

my my e— m RV M
ke

Figure3.1 lllustration of how the classic theory can be analysed using a 2DOF
springmass system.

The response of an impact according to tlassit theorys presented ifFigure2.12.
Based on this four pointwere chosento be studied further in this sectiobhese
correspond to lastic and plastic response=1 ande=0, when the mass ratio is
equal to 0.1 an@hen it is equal to 10, sdeigure3.2.

1.2 |
e=0
e=0.5

1.0 H ____. e=1 K %,_m--.;
/
/
J
0.8 7 /
‘
14
'
0.6 ’

04 Al

Ratio of kinetic energ¥,;/ Eio [-]

-

0.001 0.01 0.1 1 10 100 1000
Mass ratiom, / m, [-]

Figure3.2 Points of interest in the classic impact thedoybe studied further
based orFigure 2.12.
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3.1.1 Elastic response

The collision with elastic response is first studied. The spring will have a linear elastic
behaviour when the deformation @ositive and a stiffness of zero when the
deformation is negative. This is due to the fact thatwlmebodiesshouldonly interact
through compreson forces, not tension forgeseeFigure3.3.

Ry

A

k

> U= Ul U

Figure3.3 The forcedisplacement relationship used for thgring when studying
a classic impact with elastic response.

The parameters for the analyses are chosen to correspond to thenpeikesiin
Figure3.2 by letting the mass of the second badybe constant and varying the mass
of the first bodymy in order to obtain the correct mass rator thecollisions with a
mass ratiaf ten,two different stiffnesses are also considered,Tsdxe3.1.

Table3.1 Input parameters for thelasticclassic collision analyses.

case | i | wg | geom | (i
Collision 1 1000 10000 100 20
Collision 2 | 100000 | 10000 100 20
Collision 3 | 100000 | 10000 1000 20

The resultsrom the analyses are compared in addnne diagram where the force in
the spring during the impact peri@shown inFigure3.4. This and all otheanalyses
in this section are studied during a time period @&f decond and with an initial
velocity vp of 20m/s (72 km/h).
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Figure3.4 Force vs time during an impact in an elastic classic collision, for
parameters in the different cases Jedle3.1.

In Figure3.4 for Collision 2 the duration of the impact is roughly 0.95 seconds, while

it is only about 0.3 seconds for Collision 1. This is due to that a larger impulse needs
to be transferred to the second body when the momentum of the first body is larger.
For Collisin 3 the stiffness is ten times larger, but the mass ratio is the same as for
Collision 2. Here the impulse, the area under the foroe graph, is equally large as

for Collision 2 because of the same momentum. But the duration of the impact is now
the same as for Collision 1 because of the higher stiffness, and the maximum force
therefore needs to be higher.

In Figure 3.5 various other results from the analysis of Collision 1 are presented,
namely the displacement the velocityv, the impulsel and the workw, for both
bodies and as a function of tinfegure3.5a shows the displacement over time for the
two bodies. During the impact body 1 deformed initially before bod® is set in
motion. After aboti0.15seconds body 1 is stationary, velocity equal to zero, before it
changes direction and the deformatmecreases agaidfter about 0.3 seconds the
impact is over and the two bodies are no longer in contact with each other, this can
also be seen iRigure3.5b. As discussed iBection2.3.], the first body willobtaina
negative velocity after impact if it has smaller mass compared to the second body, and
this isconfirmedin this analysis, seEigure 3.5b. Figure3.5c clearly shows how the
impulse, or momentum, is transferred from the first body to the second body, as the
two curves are exactly mirrored. Finalirgure 3.5d shows howthe internal work
develops in bodyt and how an external work tiansferred to bodg. The work done

in bodyl increases in the beginning of the impact, but decreases after the object
changes direction, due to that a negative work is dohe.Work done orbody?2
increases slowly and ends up at the same level as the work done in objeet 1.
results for collision 1 are compared with the classic impact theofalote 3.2. As

seen they are almost identical and githe same energy rati&s/ Exw as in
Figure3.2

For the corresponding resultsr fCollision 2 and Collision 3, seéppendix B
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Table3.2

Comparison of esults between classic impact theory and the 2DOF
system for elastic responsmllision 1

Classic | 2DOF
el-] 1 1.000
vi[m/s] | -16.364 | -16.364
Vo [M/s] 3.636 3.636
Evo [kJ] 200 200
Ew [kJ] | 66.120 66.117
Exs/Exo 0.331 0.331
4 25
2 20 vl
E‘ 0 _/\\ '_|15 V2 H
= N £10 \
5 2 N S5 L\
E 4 AN ; \
o \ £ 0 - \
3 -6 S . \
2 ol N - \
a) —ul \ -10
-10 u2 N 15 \\
-12 20
0.0 0.5 1.0 0.0 0.5 1.0
Timet [s] Timet [s]
a) b)
40 | 250
—Wil
30
_ _ 200 /\ wez |
=z 20 S
=, —m1]| & 150
TN mef = )\
2 g 100 / \
10 \\ 50 / :
20 0 -
0.0 0.5 1.0 0.0 0.5 1.0
Timet [s] Timet [s]
c) d)
Figure3.5 Results from an elastic collision, Collision 1, where =1 000Kkg,

m, = 10000kg, k; = 100kN/m andvy = 20 m/s.
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3.1.2 Plastic response

The collision with plastic response is now studied. Thengpwill have a plastic
behaviour when the deformation is positive, and as befortiffness of zero when
the deformation is negative, segure3.6.

Ry

A

Ry

k

> U= Ul U

Figure3.6 The forcedisplacement relationship used for the spring when studying
a classic impact with plastic response.

The parameters for the analyses are chosen to correspond to the pBigtger3.2,

this time the points on & curve for plastic response whees=0. This is
accomplished by again letting the mass of the second bedye constant while
varying the mass of the first bodw. For the higher mass ratio two different load
capacities are considered in the analy$s.be able to simulate an entirely plastic
behaviour, the stiffness of the spring is given a sufficiently high valuelaae 3.3.

The COR e is subsequently calculated for the three analyses according to
equation(2.25), to ensure that it is close to zero.

Table3.3 Input parameters for the plastic classic collision analyses.

Case | wo | he | Nl | g | e |
Collision 4 1000 10000 100 200 20 0.033
Collision 5 100000 | 10000 100 200 20 0.011
Collision 6 100000 | 10000 100 400 20 0.021

The results from the analyses are compared in a-foreediagram where the force in
the spring during the impact period is visualire&igure3.7.

37 CHALMERS, Civil and EnvironmentaEngineering Ma st e 20480Thesi s



450 I I
400 Collision 4{ |
— - =Collision 5
----- Collision 6| |

350
= 300
=250
[ng
3 200
£ 150
100
50
0

M
oo pmmree -

‘.
!

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Timet[s]

Figure3.7 Force vs time during an impact in a plastic classic collision, for
parameters in the different cases Jedle3.3.

The shape of thimpulse for all three caseshkigure3.7 is almost a perfect rectangle,
which is characteristic for a plastic response. The fact that the stiffness is not infinitely
large is the reason for the small inclinations of the loadmdyunloading curves. The
plastic response gives a constant force applied to the second bodyrdasngf the
impact period. This leads to that the duration of impact for Collision 5 is much longer,
about 0.8 seconds, compared to Collision 4 which hasduration of about
0.1seconds. This is due to the larger impulse that needbe transferred in
Collision5, where the massy is larger. When the load capacity, or yidtice, is
doubled in Collisior6 the impact duration is halfsalong, roughly 0.48econds,
compared to Collisiob. This means that the transferred impulse is equal in the two
collisions, which should also be the case because of the same momentum the bodies
have prior to the collision.

In Figure 3.8 several dber results from the analysis of Collision 4 are presented,
namely the displacement the velocityv, the impulsel and the workw, for both
bodies and as a function of time. Fgure 3.8a the displacement over time is
visualizal, and it can be seen how the plastic deformation of the first body takes place
entirely during the first 0.1 seconds of the impact. After this time, the impact is over
and the two bodies are not in contact any mohés is however not correct since in a
fully plastic impact the bodies will stay in contact with each other. What isheen

is because of the elastiehaviour at loading and laading that are used in the
calculations.That the plasticization process finished isconfirmed inFigure 3.8b
where it is seen that the velocities will be constant after this period, withZbody
having the highest velocitfigure3.8c shows how the impulse is transferred between
the bodies, and it is exactly mored as it was for the elastic collisiofsgure 3.8d
shows a different behaviour of body 1 compared to the elastic analysis. Here the work
done in body 1 is largeghan in body 2ue to the fact that plastic deformation takes
placein the former The work done on body 2 is on the other hand a lot smaller. This
is interpreted as that the impact energy is mostly consumed in the plasticization
process of body 1, instead of acting on body 2. Another observation is that for a
plasticanalysis the first body will never bounce back and get a negative velocity, in
opposite to what happens in the elastic analysis wher nm,. The results for
collision4 are compared with the classic impact theoryable3.4. There is a small
difference in the results, but the energy r&ii9/ Ey is still very close to eacbther
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and has the same value as giveRigure3.2. For a better correlation with the classic
theory a higher stiffness couldebused, i.e. a lower value of the COR would be
obtained.

For the corresponding resultsrfCollision 5 and Collision 6, seééppendix B

Table3.4 Comparison of results between dasimpact theory and the 2DOF
system for plastic response, collision 4.

Classic 2DOF

e[ 0 0.033
vi[mis] | 1.8182 | 1.214

vo[m/s] | 1.8182 | 1.879
Ew[J] | 200000 | 200 000
Ee[J] | 18182 | 18382
Ew/Eo | 0.091 | 0.092
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Figure3.8 Results from a plasticollision, Collision 4, where =1 000Kkg,
m, = 10000kg, ky = 100MN/m, Ry = 200kN andvy =20 m/s.
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3.2 Analysis of 2DOF systenwith a barrier

For impact against aon-rigid barrier, fo example body 2 in a 2DOF system, the load
response Ry(t) will depend on the mass and stiffness of both bodies.

VO% v=0 VO% v=0
m AV me —> m AN My

ka ki ko

Figure3.9 lllustration of a) Previous system used in sectdohb) 2DOF system
used in this section

3.2.1 Elastic response

R]_ R2

A A

ke ko

»

RUHEULT W

ko

Figure3.10 The forcedisplacement relationship used for the two springs when
studying a 2DOF syste with elastic responses.

The springstiffnessk; hasa linear elastic behaviour when the deformation is positive
and a stiffness of zero when the deformation is negative. This is due to the fact that
the two bodies should only interact through compresi&ores, not tension forces.
Thestiffness of thesecond spring; is considered to be linear elastseerigure3.10.

The displacement of the second baaly,and thereby also the response in tRa@) is
affected by the eigerdquencyof both body 1f;, and body 2f,, thereby giving it a
more complex appearance. This relation can be expressed as a mass/nati@nd

a frequency ratiofy / fo, for bodyl and body2. The approach presented here is based
on the assumptiothat the dynami¢oad that arises during impact can be transformed
to an equivalent static loaH; <, Which can be used for static analysisthe structure

in question A useful tool is then to use a loading fadbarthat describes the relation
betwea the equivalent static lodeb si; andthe maximum dynamic loaé, ¢

FZ,sta = bel ("FZ,eI (31)

It should be noted that the equivalent static load corresponds to the interioRforce
acting on body as seen ifrigure2.19
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Fosa = R = KoUg (3.2
The dynamic load~; ¢ for a hard impact, i.e impact against a rigid barrier, can be
found by letting the inital kinetic energ\Exineiic b€ equal to the elastic strain energy
Estrain Of the colliding object

Ekinetic = Estrain (33)

The external workN, which is equal to the initial kinetic energy is expressed

mv
We = Ekinetic = TO (34)
F2,e|
kl Estrain
aal
Uy

Figure3.11 Stressstrain curve showing the elastic strain energy.

The area under the strestsan curve is the elastic strain enef@y:.in, Which isequal
to the internal work

F,,u
Vvi = Estrain = ﬂ (35)
2
where the deflection can be expressed as
o = el (3.6)
Ky
Thereby the elastic strain energy can be expressed as
F 2
Estrain = 22 (37)
2k
By putting the initial kinetic energy equal to the elastic strain energy
rr!ng - F2,eI2 (38)
2 2k,

the dynamic load can be expressed as

I:Z,el = VO V kl CDnl (39)
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The load factor in equatidi3.1) can bedefinedas

bel = R2
I:2,el

(3.10)

In Johansso2014a)a diagram showing the relation between the load fdgi@nd

the frequency ratib, / fis presented for different values of the mass matiomy, this

is shown inFigure3.12. The tabulated values for the load fadbgrcan be found in
AppendixC.

1.8
Ny, Hard impac
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Figure3.12 Rel ati onshi p beg and drequericy ratoh .7/ forc t or
different relations of the mass ratio /M, based on
Johanssor§2014a)

A total amount of ten comparisotisought to be interestingave been carried out
using different combinations of the mass ratip/ m, and frequency ratid, / f, in
order to demonstrate the behavioof an elastic impagctsee Table 3.5. These
combinations are marked Figure3.12.

Table3.5 Table showing the coordinate$tested impactsom Figure 3.12.

Impacttestnumber Mrr;f? rrrztio Freqlsle/nftzy ratic Loalgzi:tglfle;czzicl)rbd
1 0.1 0.6 1.72
2 0.5 0.5 1.55
3 15 0.4 1.29
4 0.2 0.2 1.08
5 2.0 0.2 1.09
6 0.2 0.15 1.17
7 2.0 0.5 0.97
8 3.0 1.0 0.52
9 15 1.0 0.81
10 0.5 1.0 1.22
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Impad test numbe® is presented iRigure3.13 andFigure3.14 and impact test
number8 is presented ifigure3.15 andFigure3.16. The rest otheimpacttestsare
presented iMppendix C
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Figure3.13 Impacttest number 2 m; = 5000kg, m= 10000k k = 1.25MN/m,
ko = 10 MN/m, vp = 20m/s

In impact teshumber2 it can be seen frofigure3.13 that the impact lasts for about
0.2seconds. One thing that might seem a bit strange at first glance is that the impulse
of reacton forcel, from bodyl shown inFigure 3.13c has an almost twice as large
valueas the original impulsef massl, or momentum, of body. I'his is due to the

fact that bodyl bouncs back with a velocity; a -vo as seen ifrigure3.13b. In order

to achieve a change in the momentum for bbdgom po to p; & -po an impulse of

I, & 2po is neededsee alsdigure2.6.
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Figure3.14 Impact test numbe2: my = 5000kg, n» = 10000kg, k; = 1.25MN/m,
ko = 10MN/m, v, = 20m/s

In Figure 3.14a it can be seen how the internal work and kinetic energy of body
interact with each other with regard to &nThe kinetic energy reduces witle same
amount as the internal energy increases, this can also béandeigare 3.14c which
shows the same plot but with regard to the deflection of kadgtead of time.
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Figure3.15 Impact test number:8m = 30000kg, m = 10000kg, k = 30 MN/m,
ko = 10MN/m, = 20m/s

In impact teshumber8 it can be seen frofRigure3.15 that the impact lasts for a little
bit more than 0.8econdsbut compared to impact tastmber2 the behavior of the
impact is different. Both the velocity atige impulse of body, seeFigure3.15b and
Figure3.15c, change in a stelike behaviar over time This is due to that there are
multiple impacts between Hg1 and body2, this phenomenoris discussed further
with Figure3.17. Exceptfrom this the impulsedisplaysagain the same behauioof
having a largevaluethanthe orignal impulse of bodyt.
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Figure3.16 Impact test number 8: s+ 30000kg, m = 10000kg, k = 30 MN/m,
ko = 10MN/m, = 20m/s
In Figure 3.16a it can be seen how the internal work and kinetic energy of body

interact with each other with regard to time. The dilepbehaviar is visible andhe
kinetic energy is mirrored by the internal energy, this can also be s€ejuie3.16c
that shows the same plot but with regard to the deflection of baustead of time.
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The shape of the load pulse thasas during impadietweerbody 1 and body 2 has
greatinfluence on the response of the latter. How the shape of the load pulse is
affecting the response is fairly complicated and depends on a combination of different
properties such as mass ratio and frequency ratitiéamto bodies.
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Figure3.17 Load pulssfor impacttestnumbers2,5,7 and.

The relations presented for an elastic impact using classic impact theory in
section2.3.1is valid when body does not have a support, meankag 0. In that

case there will only be a single impact between the bodies asibaesdy
equationg2.28) and(2.29). However for a case whekei 0 andv; > 0 after impact
bodyl will catch up with body 2and thereby causing one or several secondary
impacts. This can be seen kigure 3.17d whereR; after the initial impact reduces
until bodyl again comes into contact with body 2. This phenomen@spscially
common when botlmass ratiom, / m, and frequency ratid, / f, has relatively high
values.
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3.2.2 Elasto-plastic response

The case withelasteplasticresponsds a combination of the elastic and the plastic
responsedor both bodiesThe material has a maximum load capaRfgr which the
plasticization startsThese redts are not discussed in the main report but are included
in Appendix Csince it might be interesting to see how an elaiistic system
behaves.

3.3 Comparison of impact with and without barrier

In order to get a clearer pictucd what the difference in response is for an impact
with and without a barrier some impact tests are made where all properties are the
same excepior the use of a barrier, represented in the 2DOF system by the stiffness
k.. Three collisions are demongtd, one without a barriepne with a relatively

weak barrier and one with a relativesyff barrier, sed able3.6.

Table3.6 The properties used for each impact test.

my my Ky ko Vo

[ka] [ka] [N/m] [N/m] [m/s]
No barrier 1000 10000 1le6 0 20
Weak barrier 1000 10000 1le6 le7 20
Strong barrier 1000 10000 leb6 1lel0 20

The difference in response for various parameters are shdviguire3.18

FromFigure3.18a it can be seen that the impulse, the area under thetioegraph,

varies both in size and duration depending on the stiffness of the barrier. Since the
impulse can be expressed &s mv it means that the soft barrier shduiake the
longest time to reach its final velocityhis can also be seen kigure 3.18c, which

shows how the elocity of bodyl changes. Forhe tests using a barridrodyl
bounces back with almost the same velocity as theming, whileit in the test
without a barrier receives a much lower velocity. The velocity of Bdiustratedin
Figure3.18d, shows that for the impact without a barrier the velocity remains constant
after the impact while # impactwith a weak barrier receives a sinusoidal movement
due to the lack of damping. The stiff barrier also gets this behaviour but here both the
amplitude and period time is so small that it is not possible to see in this diagram.
Figure3.18b displays how the kinetic energy of body1 varies with time. Since this

is also dependent on the velocity the impacts gets different final energy levels.
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Figure3.18 Comparison of response between impacts with and without a barrier.
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4 Collision Impact Design

This chapter will treahow to analyse a collision in different ways and with different
tools The objects studied here is@ojectile colliding with abarrierof some kind.
Thebarrieris seen as a simply supported beam angtbjectilemainly as a vehicle

The projectile and thbarriercan be translated into two bodies, each with a certain
mass and stiffness, sddgure 4.1. This way the collision can be studied either
accordng to the classic impact theos a 2DOF springnass systeror with a finite
element analysiF=EA).

Vo

—_ v=0
Vo
—> m m;
my
@ W — bl bodyz
Vo
——

mlﬂNLszWl
ki k

2

Figure4.1 lllustration of how the two colliding objects can be translated into a
model with two bodies with certain stiffness and mass.

4.1 Structural parameters

Structural parameters such as mass, stiffaadsload capacity for the studied objects

can be of great importance in an analysis and needs to be chosen carefully. In this
sectionit is studiedwhich valuesof the structural parameters that are approptiate

use for different objects.

4.1.1 Reasonableparametersfor vehicles

Before 1951 vehicle designers believed that a stiffer vehicle body resulted in a safer
vehicle for passengers subjected to a collisidns thinking however changed when
BélaBarényi, a MercedeBenzengineer, invented the concept crumple zones
Wikipedia(2014) According to this a vehbie is divided into three parts safety cage
around the passenger compartmenttamacrumple zonesonein the front andne in
therear, seeFigure4.2.

crumplezones

safety
cage

O

Figure4.2 The crumple zones in a moderehicle aremade out of lowestrength
material and have embedded weaknesgelyoCars (2013)
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The crumple zone can be described as a deformation zone with lower stiffness and
load capacity than the safety cage, Begire4.3. This means that the crumple zone

will absorb most of theenergy during the impact due to large plastic deformations.
The duration of the impact will thealso be prolongedresulting in adecreased
deceleratiorof the vehiclewhich is desirable for the passengdrsanalysis itis on

the safe sidéo assume theafety cage to be infinitely stiff and that all internal work is
done by the crumple zone.

R .
A response in
.~ safety cage
W = VVI,CZ + \lec
response in
Wi g / crumple zone
/ :
| VVi,cz :
> u
Usc Ucz

Figure4.3 Loaddeflection curves and internal work fothe safety cage and
crumple zoneassuming there is a low load capacity for the crumple
zone.

To get a better picture of how loaeflection curves for vehicles really look like and
what structural propertyalues are appropriate to use, inecessaryo study results

from real life crah testsThe response fromifferent vehicles can vary quit lot,
depending on its size and weight. The results can also depend on which testing facility
carried out the tesend how they were madpifferent crash test results are therefore
analysed ad discussed in this section, to find appropriate structural values to use in
the analyseto be carried outThe commontypes of crash testdiscussed in this
sectionare presented ihable4.1.

Table4.1 Common types of crash tegiscussed in this section.

Description Abbreviation

Offset deformable barrigesti There is an overlap between the
vehicle andthe barrier The barrieis made out of a aluminium ODB
honeycomb material taraulate another vehicle.

Full width deformable barrigesti The barrier width equakhe
entire width of thevehicle. The barrier is made out of a FWDB
aluminium honeycomb material to simulate another vehicle.

Full width rigid barrietesti The batrier is the entire width of the
vehicle and is assumed ndeformable.

FWRB

The Euro NCAP frontal impact crash test is performed with pe4Gent overlap
between the vehicle and the barrier, called an offset deformable barrier (ODB) test,
seeFigure4.4. The barrier consists of a honeycomb structure made out of aluminium,
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which will get a plastic deformation under loading in a controlled manner, see
Figure4.5.

40 % overlap= 40% of the width of the car

540 mm

< 64 km/h

Figure4.4 Frontal offset impact test according to Euro NCAP, based on
EURONCAP(2014)

1000 mmr

Figure4.5 a) deformable barrier consisting of an aluminium honeycomb structure
b) deformable barrier used in EurdNCAP ODB crash test,
DynamoreGmbH(2014)and EURONCAP(2007)

The first results come from a test discussed in a papeubyersandde Beer(2001)

In this paper was the front stiffness of modern European vehicles studied, by
comparing results from EumCAP frontalimpactcrashtests carried out byTNO
CrashSafetyCentre in the Netherlands. Some of these results, in form of
force-displacement diagrams, are presented for different types of vehicles in
Figure 4.6 and the corresponding vehigbeoperties are presented Table4.2. The
vehicles are grouped into three different categories, medium family cars such as
Toyota Coroll a, | arge saloon cars such
Chrysler Voyager. To estate the behaviour of these three vehicle categories a
bilinear curve was fitted to the graphs and the stiffnesses were calculated. These
approximated stiffnesses are also presentdeigare 4.6, wherek; ; andk; , are the

two stiffnesses during loading; is the deformation where the stiffness is changed
andk; s is the stiffness at unloading.

CHALMERS, Civil and Environmental Engineering Ma st e 20l480Thesi s 47



Table4.2 Vehicle properties from crash tests with a 40 % overlapaawnelocity
of about 17.81/s based orHuibersandde Beer(2001)

Car model Kerb mass| Testmass| Velocity
[ka] [ka] [m/s]
Medium size family cars
VW Golf 1140 1336 17.8
Citroen Xsara 1080 1100 17.8
Mitsubishi Lancer 1244 1257 17.8
Renault Megane 1060 1296 17.8
Suzuki Baleno 960 1170 17.8
Toyota Corolla 1060 1275 17.8
VW Beatle 1228 1518 17.8
Ford Focus 1080 1383 17.9
Opel Astra 1100 1325 17.8
Ford Escort 1080 1363 17.9
Mercedes Aclass 1070 1267 17.8
Large saloon @ars
BMW 5201 1485 1682 17.9
Saab 95 1485 1713 17.7
Toyota Camry 1385 1604 17.8
Mercedes E200 1440 1650 17.8
Opel Omega 1455 1666 17.8
Audi A6 1400 1663 17.8
Volvo S70 1430 1597 17.8
MPV's
Renault Espace 1520 1713 17.9
Chrysler Voyager 1800 2040 17.8
Mitsubishi Space wagor 1570 1768 17.9
VW Sharan 1690 1906 18
Peugeot 806 1550 1748 17.8
Vauxhall Sintra 1650 1933 17.8

Kerb massn Table4.2 is the mass of the vehicle without passengers or cargo, but
with standard equipent and fuel included.

48

CHALMERS, Civil and EnvironmentaEngineering

Mast e80T hesi s



Medium family cars = Suzuki Bal
B e
0 4 I | I I | Renault Meg
— v —— VW Golf
Z| 100 T _
=, C Citroen Xsar
L i : o
) 200 L - -1 T = Mitsubishi Lanc
O ¥
o) - VW Beetle
| -300 +----
[ I = Opel Astra
- — 1
400 £| Ku1=260kN/m ERES Ford Escort
C k1,2 =1200kN/m \
r — ! Ford Focus
500 L k1,3 =6 000 kN/m I
Hl Upj=0.7m | - = = -Mercedes A
[ |
600 L - : Average excl Esc,
Displacementi [m] MBA Beetle
100 | !_argel salqon cars  —Topmcam
N | | | | | | |
i | | | | | , | Opel Om
e e RIS S I
F —Saab 95
P\ 02 04 06 08 1 1. 114
400 |-~ et - — - - - —+ - L i} - | |[——BMW 520i
g [ ! . ! ' i i i Audi A6
e P 11 __ i S R -4
L 200 1 ! ! ! | ! ! —— MercedesE200
Q A I I I I I I (LoacCell
O o0 foo 11 NN U | |==Volvo $70(Loadcel)
(@] F 1 \\ N |
Hw | ku1=100 kN/m L N/ | [=Average
! | . -
400 T ki , =890 kN/m 7~ \WJ[]T " obtained bym A a
‘| ky 3=4000 kN/m ! \ I | unless otherwise
=500 T T === =3J "1 specified
o Upi = 05m | | |
'600 [ T T T T : : :
Displacement [m]
MPVG&6s (mini = Chrysler Voy
100 T T T T T T T
; ! ! ! ! ! ! ! Mitsub SpaWa
0 R ' =\/W Sharan
A 60 —MPV
—| 100 T--NEN\ -k
zZ C Renault Esp
= i
L 200 £----—---1- ——Peugeot 808
q) L
8 r —\/auxhall Sint-201
O 300 f---———--1--—- M NN -
LL [ ! = Average
400 F k1'1: 290KkN/m v
f| ki2=790kN/m ' | |
500 & k13=5000kN/m i : :____:r__
H Upi=05m | | |
-600 N T T T T : : :
Displacement [m]
Figure4.6 Forcedisplacement graphs from crastste witha 40% overlap anca
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The fact that the Euro NCAP frontal impact crash test is performed withpardént
overlap is a problenfior the analysisn this thesissincea full width collision is of
higher interest This is becausef the higher vehicle stiffnesses it exhibittue to
larger impacting areahus leadng to largerimpact forces In order b adjust the
values fromthis kind oftests to better fithe purposeof this thesisthe stiffnesses are
later multiplied by two to simulatea full frontal impact, seeTable 4.3. This
correspondsjuite well to a full frontal crashest as will be shown later in this section
The breakpointsvhere the stiffness chaeghowever are supposed to be the same
regardless of the size of the overldme velocity of the vehicleareset to 6&m/h
(178 m/9) in the above crash tests, but the stiffnesseb@massumed to be constant
in a limited interval around thisnpactspeed.

Another problem with the Euro NCAdtashtest for the subject of this thesis that a
deformable barrier is usad orderto simulate a collision with another vehicle. This
means thathe barriemwill absorb some of the impact energy and giveveer overall
stiffness seeFigure4.5. In order b minimize the effect of the barrier on the stiffss
distribution, the first 4@entimetres of the foredisplacement curve is ignorechen
approximating the sfifiessesas proposed bijluibersandde Beer(2001)

The next crash test studied wimind in Struble(2014) where the topic, how to
analyse load cell barrier data, was discussélis is afull width rigid barrier (FWRB)
collision whichmeans that the full width of the car crashes into a-deformable
barrier The test was performed by the National highway traffic safety administration
(NHTSA). The forcedisplacement graph from the test with approximated bilinear
curve superimposed on top can be sedfignre4.7.
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Figure4.7 Forcedisplacement graphs frorull frontal crash test(fixed barrier
NCAP test)of a Toyota Corolla 2004wvith a velocity of15.6m/s
obtained from load cellsin NHTSA test no 540Q4based on
Struble(2014)

The results inFigure 4.7 clearly displaya much higher stifness than the results in
Figure 4.6. This seems reasonable since, as discussed above, a full frontal impact
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shouldexhibit a stiffer responserigure 4.7 alsoindicatesa maximum load capacity
beyond wiich no further increase of load can be made, but where the deformations
continues to grow.

Another crash test study describedn a paper bylakizawa,et al.(2005)for Honda
R&D Co. Ltd, where load cell moving deformablarber (LCMDB) crash tests were
evaluated.Here both full width deformable barrier (FWDB) and offset deformable
barrier (ODB) testsvere studied.Two forcedisplacement graph®r a Hondafrom
this paper with approximated bilinear curves superimposed prcda be seen in
Figure4.8.
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Figure4.8 Forcedisplacement graphs from two different crash te$tdonda
carsobtained from load cells®) full width frontal impact witha
velocity ofl5.6m/sand b)offsetfrontal impact with a velocity of
17.8m/s based o akizawa, et al(2005)

From thesetwo tests one can see that the previous assumption about a doubled
stiffness for fll width impact, comparetb offsetimpact, is reasonable.
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The last crash test results studied are taken from a master thesis carried out at the
University of Utah Tolman(2008) In this thesisseveral resultsrom FWRB tess

were compared for different vehicles with different impact velocitiesFigure 4.9

are the results for a Volvo S40 presented in shape of-thspgacement graphs, with
approximated bilinear curves superimpbsa t@, for two different velocities
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Figure4.9 Forcedisplacement graphs from two fwlidthimpact crash tests of a
Volvo S40, one with a velocity bi.2m/sand one withl5.6m/s
Results from NHTSA tests no 5092 and no 5ddfj isobtained from
load cells based omolman(2008)

From Figure 4.9 can it be concluded that the fordesplacementrelationship for
different velocities shows a similar behaviour, and the same stiffnesses can
approximately,be used independent of the veloci@ne can also see that this test
shows a much higher stiffness than the former tests discussed. This is probably due to
the full widthbarrier that is also rigid, and can thus not deform.

The respectivealculatedstiffnesses and breakpasiietween thenfor all seven crash
tests are presentedogether with themean massesfor each type of vehiclein
Table4.3. The corresponding foredisplacement curvefor aninternal workequal to
the kinetic energy beforthe impactfor each vehicleareillustratedin Figure 4.10.
The stiffnesses from the ODB testre here multiplied by two, as proposed earlier.
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Table4.3 Frontal diffness for different stages of loadiagdfor different types of
vehicles based orFigure 4.6, Figure 4.7, Figure 4.8 and Figure 4.9.

m ki1 Ky 2 ki3 Ubi
[kg] | [KN/m] | [KN/m] | [KN/m] [m]

1300 | 520 2400 | 12000 | 0.70

Medium family cars,
ODB

Large saloon car©DB 1700 200 1800 | 8000 | 050

MPVO6s ( mODB | 1900 | 580 | 1600 | 10000 | 0.50
Toyota Corollad4,

1300 | 790 0 7900 | 0.50

FWRB
Honda, ODB - 740 1800 b 0.60
Honda, FWDB - 680 1700 b 0.40
Volvo S40, FWRB 1600 | 1000 | 4200 | 8000 | 0.30
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Figure4.10 Forcedisplacement diagrams for three different types of vehicles, data
from Table4.3. Internal work done for each type corresponds to the
kinetic energy prior tampact

The behaviour of the different vehicles is qusieilar, with a few exceptions, see
Figure4.10. The saloa carsgenerally have a large crumple zone and it is therefore
possible to have a low stiffness. This fact together with their relatively high weight is
the reason for the large deformati@een in this type of vehicl@he Toyota Corolla

is the only vehile that does not exhibit a stiffening behaviour after a certain
displacement. Instead it shows an ideal plastic behaviour, which probably would look
different in an impact with higher velocjty.e. larger deformationsOne of the
vehicles has a much higér stiffness tha all the others, the Volvo S40he reasons
therefore are hard tdentify, one is that the barrier is rigid but that should not make
such a apparentdifference.The impact speed in this ted.6m/s was alsodwer

than in some of thether testslt has to be considered though, tha aipproach used
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to determine all of the stiffnesses was very approximate, and the error margin is
therefore of noticeable size.

4.1.2 Parameters for concrete beam

The concrete beam represents a low protectaeids of some kind and can, for

simplicity reasons, &@seen as simply supported, egure4.11.

CE—f

<E—F

Ely,

b)

e o Wh

hy

Figure4.11 lllustration of the beam representing therber, a) top view and
b) crosssection. For dimensions and reinforcement specificatgse
Table4.4.

A beam with reasonable geometry and amount of reinforcement is chosen, to be
studied furtherin collision impat analyses in later sections, s&able 4.4. The
section and stiffness propieit are calculated accordingAppendix G

Table4.4
Lengthly 5m
Heighth, 0.3 m
Width w, 1m
Massm, 3600 kg
Concrete class C30/37
E. 33 GPa
Reinforcement | B500B0 16 s100
Es 200 GPa
Concrete covec 40 mm
Effective heightd 252 mm
I 2. 2 %0kt 0
Ly 6.10A £ o’
El, = Ecvy 18.30MNm?
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4.2 Transformation of beam to springmass system

4.2.1 General principle

To be able to use the simplified 2DOF model for the collision, the beam needs to be
transformed into a SDOF sprimgass system.eg Figure4.12. From this figure it is

clear that the displacement in the system point of the beam and in therspsag
system is the same. Here the system point coincides with the section with largest
deflection in the beam, bit can also be chosen to be placed at the section where a
point load is actingohanssoandLaine(2012) As said beforedampingis neglected

when dealing with impact loads due to the very short duration of the impact.

m, a0,y l F(t)

-Y_, —] —
j - 2 U=Ug

T@?‘\J‘(\\ Lus ,,\,/’;'gv —> m

""""" El
W | ’ ‘ v%TR(U)

Figure4.12 lllustration of how a loaded beam is transformed into an equivalent
SDOF system.

The relationship between theoperties of the beam and the SDOF system, assuming
a linear elastic response in the spring, can be stated as

m=k,, On, (4.1)
k =k, O, (4.2)
F=k &, (4.3)

wherem, andk, are the mass and stiffness of the beam g the external force
acting on the beanan, ax andag are the corresponding transformation factorsthe

three properties. The equation of motion for a SDOF system without damping from
equation(2.36)

Mmé# ku = F(t) (4.4)
can now be written as

K, ml+ k k.u =k F(t) (4.5)
By utilizing that the response in the beam under static load is

R,(u) =k, G (4.6)

equation(4.5) finally becomes
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kmmal#"kka(u):kF Fb(t) (4.7)

The transformation factors are decided based on the theory of energy conservation
between the beam model and the sprmags system. The kinetic energy of the mass
and the wdk done by the external and the internal force should in the two systems,
according to this, bequal JohanssoandLaine (2012)

4.2.1.1 Conservation of kinetic energy
The conservation of kinetic energy between the two systeras gi
m&.? _ 2 mi(x) &(x)°

E = S = dx 4.
K 2 X[;l 2 (4.8)

wherevs is the velocity of the SDOF system as well as the system poirhanj¢amd)
v(x) are the mass per unit length and the velocity at sextidtthe beam respectilye

For a beam with constant mass per unit length equé@tiBnbecomes
x=
m@,? =T {y(x)2dx (4.9)

I x=0

By using that

v, = Dts (4.10)
and
v(x) = DuD(tX) (4.12)

w h e ruga naeu(x)aare the displacements at the system point and along the beam
respectively, equatiof®.9) can, for an arbitrary time step, be written as

x=
ma,? = lﬂ F(x)dx 4.12)
x=0

By combining this with equatiof#.1) the transformation factor can be stated as

1x=|()2
k =— &
m Igu

(4.13)

X S
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4.2.1.2 Conservation of external work
The conservation of externabrk between the two systems gives

W, =F Q= X;’-‘g(x)c'ill(x)dx (4.14)

x=0

whereq(x) is the load per unit length along the beam. The total external force acting
on the beam is

F, = fp(x)dx= nl—b dx (4.15)

F Qi = -2 Opj(x)dx (4.16)

A dx (4.17)
=0

For a beam with concentrated load equaftbh4) becomes
Vve = F C"Dls = I:b C"DIS (418)

which will, by using equatiof4.3), give a transformation factor of

k. =—==1 (4.19)

S

C

4.2.1.3 Conservation of internal work

The conservation of internal woibetween the systems finally needs to be studied.
The equilibrium yields

— kL’EZ — 1 Xié’ (X)2 bs ea>/(x)2 O
W==—"r=3 nSéNEA e+ M () @ix)S

O&Ol

X (4.20)

whereN(x), V(x) and M(x) are normal force, shear force and bending moment along
the beam andE is the elastic modulusA is the cross sectional ard®aearis a factor
regarding the shear stres3,is the shear modulus and NjN§ tixe)cuvature of the
beam. In generathe contributions from normal and shear foraee small in
comparison to the effecbf the moment, thus tge can be neglected and
equation(4.20) is simplified to
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x=l

ki = v (x) Qui(x)dx (4.21)

x=0

By combining this with equatiof®.2), the tansformation factor becomes

M (x) ii(x)
k= [ =\ gy (4.22)
‘ x[(] kb m52

The stiffness of the beam can also be written as

F
=2 (4.23)

S

and by using tfs the transformation factor can now be written

! M (x) @ii(x
- A0

x=0

dx (4.24)

4.2.2 Determination of transformation factors
According toChapter5 in Biggs (1964)

kk = /(F (425)
This fact can be used by dividing all terms in equa{ob) by o

k K
ﬁmovém ékbu =F,(t) (4.26)

and by introducing the factemr
Kpe = (4.27)

Equation(4.26) can now be stad as
K, -méku=F,(t) (4.28)

which shows that only the mass of the beam needs to be transformed when the
equation of motion is formed for the SDOF system.

To determine botk,, andar the variablesi(x) andus needs to be determineal can

be determined from(x) by defining the position of the system point, which is chosen
to coincide with the point loadhe factorsg, is as stated in equati@a.19), equal to 1

for a pont load.
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4.2.2.1 Elastic response for a point load

When the beam is assumed to have an elastic response and is subjected to a point
load, the displacementgx) andus can be defined as

—_ Fb|3 2 2
= 3, ab (4.29
and
fBEI (- b2 ) 0¢x¢al
u(x) =i g i for (4.30)
1[6 (@-a*»*@-x-0-x° a¢xel

where a, b, Fp, |, x and El, are explained irFigure 4.13, andb = 1-a, based on
Lundh(2000)

my, Ely lFb(t)

| . |
Ny
X al bl

Figure4.13 Elastic response of a beasubjected to a point load.

By using equatiorf4.13) together with equatio(d.29) and(4.30), the transformation
factor can be stated as

o

XalaFélb (- b?)I%x- x)8
K :l} A de
x=0 %&ll azbzg
e T (4.31)
aF
-X)- (- X
e E% )- (- %)° )8
+- N 7 dx
l x=al a F |3 2b2
%EI +
and after solving the integrals it can be written as a functienaofdb
2 2
= - (23a +10az+2)b b - a - 1 L a (4.32)
‘ 28b 105 12a "106° 122 B 10
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4.2.2.2 Plastic response for a point load

If the beam instead is assumed to have a plastic response when it is subjected to a
point load, the displacemenfx) can be defined as

u. — O¢x¢al

X
iﬂ- x for (4.33)
us _l alexel

u(x) =

— =) ——>=> (:

wherea, b, x andl are explained ifrigure4.14.

My, Ely, lFb ®)
— . ]
e g
| X g ) b

Figure4.14 Plastic response of a beam subjected to a point load.

By using equatior{4.13) together with equatiof4.33), the transformation factor for
the mass is then stated as

° 2 o ~2
% X 8 a |-x@
x=al Y x=l s
Sal - b 2 4.34
Ko -1 ﬁ%dx.;.} ﬁg—z'dx (4.34)
Y l x=0 us I x=al us
and finally the transformation factor can be defined as a functiareatib
a 1,1 at, 1
k ==—+—(=-a+a’-=—)== 4.3

m, pl 3 b2 (3 3 ) 3 ( 5)
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4.2.2.3 Transformation factors for different cases

The transformation factois,, s andanr are now calculated for different values af
and b, using equationg4.19), (4.32) and (4.35), for both the &stic and the plastic
responseand the results are presented able4.5.

Table4.5 Transformation factors for point loads at different distances from the
support, with the system point coinciding with the point load.

| | | | |

& Q| A Kol s Q| 4 el s &
a 0.5 04 0.3 0.2 0.1
Elastic response
K., 0.486 0.518 0.642 1.011 2.803
ke 1.000 1.000 1.000 1.000 1.000
K.k 0.486 0.518 0.642 1.011 2.803

Plastic response

k., 0.333 0.333 0.333 0.333 0.333
ke 1.000 1.000 1.000 1.000 1.000
Koe 0.333 0.333 0.333 0.333 0.333

In reality, the incoming objedh a collisionalways has a certain area and the load
should therefore mor&ccurately be treated as a distributed IcagFigure4.15.

m,, El,, 0o (1)

. J e
k—» X al /I|, b

Figure4.15 Beam subjected to a distributed tbwith limited distribution.

Transformation dctors for a distributed load, acting at different distances from the
support and with different lengths of the distributiarere calculated numerically and
are presented inTable 4.6, Table 4.7 and Table 4.8, based on work by
Johansso2014b) In these table® =0 corresponds to a point lgadnd only the
elastic response is treatt the distributed load

CHALMERS, Civil and Environmental Engineering Ma st e 208480Thesi s 61



Table4.6 Comparison of transformation factors for different values of the
distribution9, whena = 0.5.
a=0.5|4 : Q| 4 : ol iw = Q‘ADJQ‘AEDQ‘
o) 0.0 0.1 0.2 0.3 0.4
Elastic response
K., 0.486 0.486 0.488 0.491 0.494
ke 1.000 0.995 0.982 0.961 0.933
Koe 0.486 0.489 0.497 0.511 0.529
Table4.7 Comparison of transformation factors for different values of the
di stri butar83 o2, when
a:o_3¢al %Am %Am %A[D %ADI Eel
2 0.0 01 0.2 0.3 0.4
Elastic response
K 0.642 0.644 0.650 0.658 0.668
K 1.000 0.994 0.979 0.955 0.919
Koe 0.642 0.648 0.664 0.689 0.727
Table4.8 Conparison of transformation factors for different values of the
di stri butar6h o, when
a=0.1f+ < Am @ ng -
2 0.0 0.1 0.2
Elastic response
K. 2.803 2.853 2.988
ke 1.000 0.955 0.942
k. . 2.803 2.989 3.171
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When studyingTable 4.6, Table 4.7 and Table 4.8 one can conclude that the
difference in he transformation factayr is slightly increasedvhen the distribution

is larger. Thisdifferencealso grows largewhen a getsmaller, i.e. when the load acts
close to the supporfis can be seen ihable4.6, when the load acts atidspan the
difference inanr is only about8 percentwhena= 0.4 compared to a point loade.

2=0. For the case hen a=0.3, seeTable4.7, the same differencm ayr is about

12 percent.When a = 0.1, seeTable 4.8, the difference inenr is about 12percent
wheno=0.2 compared to a point loadith this in mind, it can be assumed safe to
treat a load with limited distribution as a concentrated point load, as long as the
distribution is notoo large andhot acting too close to the support.

4.2.3 Stiffness ofsimply supportedbeamsubjected to a point load

During the elastic responsine stiffness of the beaky canbe determinedy using
the fundamental correlation between load and displacement. For a point load this
correlation can be written as

F, =k, Q (4.36)

If now the definition ofus in equation(4.29) is utilized together with equatiod.36),
the diffnessky, as a function ok andb can be defined as

_ 3El,
b _|3¢32[)2

(4.37)

The beam stiffness was calculated for different values uging equatior{4.37) and
the resits and presented ifiable4.9.

Table4.9 Beam stiffness,Kor point loads at different distances from the support,
with the system point coinciding with the point load.

| | | | |

A | A G| 4 G [ A G| A e

a 0.5 0.4 0.3 0.2 0.1

Elastic response

K 48.0@39?%8 52.08&%8 68.02139'?%8 117.2&%8 370.4&%8
¢l = ¢l = ¢l - ¢ - S -

In Table4.9 it can be seen that the beam stiffndggs proportional to the bending
stiffnessof the beantkly,, while it is inversely proportional to the length of the beam to
the power threel®. This means that the length of the beam will have much more
influence on the stiffness than the bending stiffi€éks Regarding the position of
loading, the stiffness grows exponentially when the load acts closer and closer to the
support. The stiffness is almost eight times higher when0.1 compared téoading
atmidspan
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4.2.4 Equivalent static load

Since most civil engineers are more familiar working with static loddss
convenient to translate the dynamic impulse load into aivagut static load. This is
done by determining the static lo&g;, that generates the same amount of exterior
work W, on the structure as the dynamic impulseFor an elastic structure the
equivalent static load is obtained by using the relationshifhéoexternal work

I:s;tauel
W, = —stael

2

which if combined with equatio#.39)

results n

Fsta = kbuel

(4.39)

(4.39)

(4.40)

wherek, is the stiffness of the beam angl is the elastic deformation. An alternative
way to find the equivalent static lodor an elastic response to use thdoad factor
be discussed in sectich2.1

4.3 Impact load according toEurocode
Impact is, according to annex C in Eurocodé, Idefined in the following way:

Al mpa

ct

i s an interaction

phenomenrmn betwe

which the kinetic energy of the object is suddenly transformed into energy of
def or m&ENI(2010)0

According to Eurocode, actions that depend on impact should be determined by a
dynamic analysis orepresentedy an equivalent static force that gives the same
effects on the structure. For cars the collision force should be applied at an
heighthof 0.5m above the carriageway, over an application araa, of

0.25m (height)x 1.5m (width) or the member width. For trucks the collision force
may be applied at any height betweenr@-2.5m above the carriageway and over an
area of 0. (height)x 1.5m (width) or the member width,
seeFigure4.16.

application

.

Figure4.16 Application area of collision force on supporting substructure, based on
CEN(2010)
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Eurocode uses two different approacheddtermire the equivalent static forcéhe

first approach is based on suggested equivalent static forces in the direction of vehicle
travel, given in section 4.3 of EG7L These have a magnitude o®A0kN, 750kN

and 50kN for structures adjacent tational roads, rural roads and roads in urban
areas respectively CEN (2010) It should be noted that this method involves many
uncertainties since the effects of mass and stiffness for both the vehicle and structure
is not taken into account here. Therefore the result may be inaccurate
Al-ThairyandWang(2013)

The alternative approhccan be found in annex C in BHE7, called the dynamic
impulse approach, where a distinction is made betwerd impact and soft impact.

For hard impact the colliding object is assumed to deform linearly during the impact
phase while the structure is considered to be rigid and immovable. For a soft impact it
is the other way around, the colliding object imsidered as rigid and the structure is
assumed to absorb all of the impact energy. This means that preventive measures
should be made so that the ductility of the structure is sufficient enough to absorb the
total kinetic energy of the colliding object. @ hmaximum resulting dynamic
interaction force is derived by letting the initial kinetic energy be equal to the elastic
strain energy of the colliding objedbr a complete derivation see sect®i.l

s )
me” _F° (4.41)
2 2k
So the force is
F=v,vkOn (4.42)

whereV; is the object velocity at impack, is the equivalent elastic stiffness of the
object in casef hard impact or the stiffness of the structure in case of soft impact and
mis the mass of the incoming colliding object.

The force may also be considered as a rectangular pulse on the surface of the structure
with a pul g é¢at o derieetby substituting equationfd.42) into the
momentum conservation stated in equafa3).

F@D =mQ, (4.43)
which gives
V. /k@nd = m@, (4.44)

that leads to

= M
D=1 (4.45)

It is not specified in the code but the way that equadiodd) is stated implies that a
plastic material response for the vehicle is uskdn elastic response was used the
change in momentum would create an impulse twice as @ggpared to the one
used hereseealsosection3.2.1
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Equation(4.42) gives the maximum dynamic force on the surface of the structure, but
inside the structure these forces may give rise to dynamic effects. Anluppéor

these effects can be determined if the structure is considered elastic and the load is
applied by a step function. In that case the dynamic amplification fagipr 2.0. If

the rise time of the impulse is taken into consideration, calculatiothdead to
amplification factors ranging from below 1.0 up to,ld@pending on the dynamic
characteristics of both structure and object. For a general case it is recommended that
a direct dynamical analysis is used to deterniifgg CEN (2010) The amplification

factor corresponds well to the load fachgrdescribed in sectioB.2.1, even though it

is only derived foelasticmaterialresponse.

In this approach either the deformations ofithpacting object or the structure is not
considered depending on the assumption of hard or soft impact. This is a
simplification since in most cases both the vehicle and the structure will undergo
some deformation and hence absorb some of the impactyefiéig means that the
impact force between the vehicle and structure is overestimated for hard impact and
underestimated for soft impaétl-ThairyandWang(2013)
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5 Collision Impact on a Smply Supported Beam

This chapter pesentsand discussethe results frontwo computational modelghe
2DOFsystemanda FE model, and compares the difference in their responses.

5.1 2DOF - Effect of impact positionon a beam

To analyse the effect of the position of impact on a beam, theytleédeam to
springmass system transformation frosection0 was implemented in theDOF
algorithm describedn Chapter3. The impact load is seen as a point load, meaning
that the distributions seen as infinitely smallThe massm, was adjusted using the
transformation factosn, ¢ from equation(4.32) giving the corresponding mass the
2DOF systemn, and the stiffness of the beark, was calculated using
equation(4.37), seeAppendix G This meanghat the beam is seen as bothfstiind
heavier when the loaid applied closer to the support. Tlianbe seen irFigure5.1
where the reltive size of the mass and stiffnggse andan e IS plotted againghe
loading positionU on the beamwhich describes the magnitude of the parameter in
comparison to when loading at midspan, We.0.5, see equatiofb.1) and(5.2).

_ k(@)
kb,rel kb (05) (51)
— km,el (a) (52)

mel,rel — m

\ —k_b_rel
\ kappa_m_el_rdl

N
AN

kb,rel andem,el,r(—:‘l [']

O B N W b~ O O N

000 005 010 0.15 020 025 030 035 040 045 0.50
U]
Figure5.1 Relative size of the mass and stiffnésgplotted againsthe loading
position.

Not only the mass and stiffness of the beam will glangercloser to the support, but
also the eigenfrequenof the beanf,. This is becausk, changes more thasy, ¢, and
can be understood from equati@m3), which is basedn equatior(2.41).
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_1 K,
fb(a)—z k.0 [Hz] (53

The relative size of the eigenfrequerfgye, see equatio(b.4), and the theoretical
natural frequencthawra Of the beam are plotted agaihin Figure5.2.

b,rel f

(5.4)

natural

The difference between these is small close to midspan but is over twenty percent at

U= 0.05, which could lead to a difference in response between the 2DOF and the FE
model.

1.25 I I I
—1f b _rel
1.20 AN !
\ ----- natural frequenc
$1.15 \\
©
5 110 SN
= 1.05 \\
\\\
1.00
0.95
0.00 005 010 0.15 020 025 030 035 040 0.45 o0.50

Ul
Figure5.2 Relative size of thcalculated frequency of the beam and the theoretical
natural frequencys plotted againsthe loading position.

The study in this section is based on the concrete beam described in 4dcfiofhe
velocity vp of the incomng object is set to 2@/s, the masay is set to 1000kg and

the stiffnessk; is set to 30kN/m. These values correspond sufficiently well with a
vehicle, and the same stiffness is recommended in Eurocode, see 4&ctitme
stiffness values are then varied to create five different property sets for the analyses,
where property set 1 corresponds to the original case described abovahleéel.
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Table5.1 The different sets of properties used in the analyses.

Property set | Spring stiffness Elp
number ky [KN/m] [MNm?]
1 300 18.302
2 75 18.302
3 1200 18.302
4 300 4.576
5 300 73.208

The studyis first performed with the original waés for the stiffnesses, while then
alsothe other property sets are analyskdthe following sections are only results
presented for some of the property sdist al of the results can be seen in
Appendix D

5.1.1 Original beam i Property set 1

The first study is made with the exact same beam as described in gettibihe
results are presented in form of graphs for how the reaction Ryrdesplacement

and velocityv for the two bodies depend on time during the impact. Five different
positions of impagtfrom U= 0.5 toU= 0.1, are treated and described in this section
SeeFigure5.3 for the response of the incoming object &nglre5.4 for the response

of the beam.

In Figureb5.3 it can be seen that the responses for the incoming object does not change
very much whertJvaries. The reaction forde, is a little bit higher and the maximum
force is rached a little bit earlier for lowetUvalues. The displacement; and
velocityv; are on the other hand nearly identical for the different loading positions.
This is probably due to that the stiffness of the begnalisady in midspanover

twenty timeslarger than the stifiess of the incoming object.h& influence of the
increasedtiffness closer to the suppdastthereforenegligible.

If insteadFigure5.4 is studiedlit is clear that the responses diffarlittle bit morefor

the beamThe reaction forc@; is this time lower for lower values &f which is the
opposite case comparedtte forceR;. This may sem odd since from a static point
of view a higher force fronthe incoming object should result in a higher reaction
force in the beam. The reason for this however is that the load factecreases
when U decreasesin this particular casaVhenU decreaseboth the frequency ratio
and the mass ratio decreases. This reasoning can be seen in the giragine 8112,
together with the fact that the frequencyaas roughly 0.27 and the mass ratio 0.57
whenthe impact load is applied atidspan.

For the displacement and velocityv, the difference is really significant. Thvalues
gets smaller and smaller with decreasihghile the shapef the graphss virtually
maintained.This is understandable since a higher stiffness larger mass should
give smaller displacements and velocities.
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Figure5.3 Results fromthe simulated collision describing the diffeences in
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position of impact, for the incoming objecReaction force R
displacement yand velocity yare plotted against time.
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Figure54 Results fromthe simulated collision describing the di#frences in

position of impact, for thbeam Reaction force R displacementaand
velocity v are plotted against time.
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5.1.2 Effect of beam stiffness
5.1.2.1 Stiffer beam1 Property set 5

The beam fronsection4.1.2 studed in the previous sectipis now made four times
as stiff, to be able to examine the difference in responbe. results areagain
presented in form of graphisutthis timeonly displaying howthe reaction forc® for
the two bodievariesduring the inpact.Five different positions of impact are treated
and described here with the corresponding valud seeFigure5.5. The rest of the
results can be found ippendix D
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Figure55 Results from the simulated collision with a stiffer beam, describing the

differences in position of impact for both the incoming object and the
beam.

The reaction forceR; in the object displays in this case almost¢ tbxact same
response regardlefise position of loading, sdegure5.5. The reason is the same as
discussed in the previous case, that the beam is so much stiffer than the colliding
object. And this time the beam is ev&liffer, making it over 8@imesas stiff as the
object when loading at midspan. The reaction force in the dRabehaves in a
similar way as for the original beam, when loading at different positions.
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5.1.2.2 Softer beami Property set 4

The same beam fromsection4.1.2is now made one fourth as stiff, to be able to
examine new differences the response. The results are again presented in form of
graphs, displaying how the reaction forRefor the two bodies varies durindpe
impact. Five different positions of impact are treated and described here with the
corresponding value ofl seeFigure 5.6. The rest of the results can be found in
Appendix D
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Figure5.6 Results from the simulated collision with a softer beam, describing the
differences in position of impact for both the incoming object and the
beam.

For the softer beam the difference in reaction f&céor different loading positions

is more significant, se€&igure 5.6. This is due to that the difference in stiffness
between the object and the beamasv smaller, with a beam that is five times stiffer
than the incoming objesthen Iading at midsparSo the increase in stiffness when
moving towards the support now has a larger impeue. reaction force in the beam

R, for different U values has the same relation as before, but this time the force
increases whet decreasesThis is beause the lower beam stiffness giveseav
position in the graphs ikigure 3.12, as discussed before, and this leads to that the
load factorbg this time increases whdndecreasesThe frequency ratid, / f, is for

this case pproximately 0.55.
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5.1.3 Effect of spring stiffness

If instead the stiffness of the spring is changed by a féotor property set2 and 3

from Table 5.1, the behaviour are identical to when the stiffness of the beam is
changed, buthe magnitude of the response is different. This is due to that the
deciding factor when determining the response of the systehe iffequency ratio
between the beam and the impacting body. Since this remain unchanged compared to
before the response alsemains constant. Increasing the spring stiffness a certain
amount is equivalent to decreasing the beam stiffness with the same amount and will
produce results with equal behavioliherefore these results are only presented in
Appendix D

5.2 Finite element model

To performdetailed analysesf the system the finite element software ADIMAUsed
ADINA R & D, Inc (2014) The FEmodel consists ofa simply supported concrete
beamthat is connected ta moving mass through a spring which represents the
impacting object. If this beam model is compared wile 2DOFsystem used
previously the beam represents the second mass and spriRgees.7.

lVO m lVO
k my, Eyl, § Ky
—

oS G

my
My
% Eul f— X
al iIL b |

Figure5.7 The 2DOF system implemented in thedeltware

Elastic 3D beam elemés with an element length of 2 percentthe total length are

used ® model the beam. The impacting object is modelled by a spring element with a

point mass travelling with an initial velocity. One potential problem when using

ADINA is that when calculations of a concrete beam in state Il are performed

ADINA is not able b recognise that the section is cracked. Instead the software uses

the moment of inertia for the uncracked concrete section and thereby greatly
overestimates the stiffness of the beam. In order to overcommeptbblem an

equi val e mobdulys, isusgdts obtain the correct statdbéndingstiffness

of the beam. This is done by multiplying t
between the moment of inertia in state Il and state |

E, =—E (5.5)

See alsoAppendix G for calculation oft h e equi vamadalus andoungds
Appendix Afor ADINA command files.
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By changing the Youngds modul ugialsdls® speed
changed. e wave speed dependentoyoungds modul us and the
material
c:E (5.6)
r

Firstly, a reference test is performed using a beam with what is assunbedotfoa
reasonable size and stiffness with properties according to sdcti@hThe spring is
considered to be linear elastic and the stiffnlesss chosen to be 30N/m, in
accordance with what is used for a vehicle immpadurocode 47, CEN(2010) The
Impacting object is assumed to have a mass @0kg and an initial velocity of
20m/s. In the following analyses the stiffness of the beam and spring respectively is
altered by a facto4, thereby changing the natural frequehand period tim& of the
system with a factor,2n accordance with equati¢g.41). From this five different

sets of propertiearecreated andummarized imable5.2.

Table5.2 The different set of properties used in each analysis.
Property set | Spring stiffness | |, Equivalent Elp = ExA
number ki [KN/m] OEU FGI%; S [MNm?]
Il

1 300 8.134 18.302

2 75 8.1 18.302

3 1200 8.134 18.302

4 300 2.034 4.576

5 300 32.537 73.208

For each set of properties there is also five different load application points on the
beam to simula an arbitrary impact positipgeeFigure5.8.

a 0.5 0.4 0.3 0.2 0.1

Figure5.8 The different load application points

To undestand the results from an FE analysis it is important to know how they are
obtained and what they really describe. In the FE softwaeglithe shear force in

each element is taken as a mean value over the element. When extracthgathe
force results he value in the firstocal node of each elemehtad to bechosen, see
Figureb5.9. This leads to that the obtained curve is offset to the left with the length of
half an element and the values are a little bit lower than theyldhmei But because

of the large amount of elements used, namely fifty, the error will be negligible. The
moment along the beam is obtained in the same way as the shear force. The
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displacement, on the other hand, can be obtapedificallyfor each nodelang the
beamand the response will more or less be exactFgpee5.9 again.

u(x)

Figure5.9 lllustration of how the shear force and displacement is exd¢hétom
the FE results, with the beam elements and nodes numbered.

5.2.1 Eigenmodes of a simply supported beam

The beam corresponding to property set 1, called the original beam, is studied with a
modal analysis in ADINA. This in order to find the mode shap®stlie most
important eigenmodes, i.e. the eigenmodes that contribute the most to the actual
deflectionshapeof the beam. These mode shapes can be sdeéigune5.10, where

five eigenmodes are presenté@the eigenfrequencies tfiese modes are presented in
Table 5.3. In the figureand table aresome mode numbers missing, because they
correspond to deflections that do not take place in the two dimensignalane.

These eigenmodes exist becatisee dmensionaklements are esl, but they are not

of interest here.

Table5.3  The five most important eigenmodes and irtheorresponding
eigenfrequency for the original beam, property set 1.

Mode numbe Eigenfreqency| Theoretical lgenfrequenc)
fo [HZ] fratural [HZ]
1 10.00 10.09
2 39.83 40.36
5 88.98 90.81
3 156.60 161.44
11 241.70 252.25
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Figure5.10 The mode shapes corresponding to the five most impor@genrabdes
of the studied beam.

From Figure 5.10 it can be seen that the first mode shape has a simple shape
consisting of one curved line, while the higher mode shape nsrhibagemore local
extremaalong the beamlt can also beeen that loading at different positions on the
beam would give deflection shapes that trigger different mode shapes. Eigenmodes of
higher number are more important when the load is applied closer to the support,
compared to loading at midspan. This will descussed more irthe following
sections.

5.2.2 Original beam - Property set 1

The first study is with a beam and spring of property sasdescribed ifable5.2.

The results presented figure5.11 shows the shape of the response at the time when
the maximum value is reached for each load casexfpectegthe maximummoment
increases as the impaggbsition moves closer to the middle of the beam, and in the
opposite way the shear force increages impacts closer to the support. The
deflection is largest close the midsparregardless of where the impact occurs. In
Figure5.12 it can be seen that both the momanthe impact nodeand thesupport
reaction forceRa occurs at ahost the same time regardless of whameghe beanthe
impact is. It is also visible that the second bump on the curve becomes less
pronounced when the impact is close to the support. Thosolsablydue to that in
addition to the first most dominant efgeode some additional eigenmodes becomes
more importantlose to the support
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Figure5.11 Maximum rment M, shear force V and displacement u over the length
of the original beanfor different im@ct positions, at the time when the
maximum response is reached for each load case.
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Figure5.12 Moment at impact node with regard to time auwpbportreaction force
Ra with regard to time for diffent impact positions.

It can also be of interest to study how the reactions along the beam increases with
time, this is essentially what leads up to the graphisgare5.11 and can be seen in
Figure 5.13 for U=0.1. Here it can be seen how the shape of the moment curve
changes wh time. Early during the impacthe momentis even negative at the
opposite half of the beam to where the load is applied. The shape then changes as the
moment grows and beca®mmore curved in the positive direction. But when the
maximum moment is reached, the shape has gone back to consist of almost straight
lines, similar to the shape of a static response. The shear force, on the other hand,
grows larger with time without chaging its shape very much. One interesting
observation is that the shear force at the opposite support stays very close to zero
during the first half of the studied time interval, while it grows constantly at the
support closest to the loadlvhen looking & the displacementurve it may be
observedthat the maximum displacement occurs at different positions at different
times. At first the maximum is close to the point of loading, but with time it moves
closer and closer to the midspan.
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5.2.3 Effect of beam stiffness
5.2.3.1 Stiff er beami Property set 5

For property set 5seeTable 5.2, the maximum momenM, shear forceV and
deflectionu along the beam sh@nalmost identical behaviour to property sesée
Figure5.11, with only small differences in magnitude. Thessultsare therefas only
shown inAppendix E The moment and reaction force over tjrseen inFigure5.14,

Is howeve displaying a different behavioshowing three bumpdhis is due to that
the stiffness of the beam is farge that the eigenfrequenicgis a much shorter period
time than theduration of the impac Again these smaller bumps become less
pronounced closer to the support due to additional eigenmodes coming into play
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Figure5.14 MomentM at impact node with regard to time amstipportreaction
force Ry with regard to timdor different impact positions.
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5.2.3.2 Softer beami Property set 4

The bending stiffness is now made four times smaller compared to the original beam,
seeTable5.2. One interesting thing about this caseown inFigure5.15, is that the
increase in shedorce does not show the step like behaviour seen in other cases when
the impact moves closer to the support. Instead the increase in shear force between
U=0.3 andU=0.1 is more or lessnegligible. This phenomenon occurs when the
beam has a relatively low stiffness compared to the stiffness of the impacting object.
One reason for this to happen may be that some additional eigenmodes becomes more
dominant close to the suppoaitiereby influencing the result. These eigenmodes have
higher natural frequencies and thereforeftequency ratiawill decrease.

It can also be seen froffigure 5.16 that when the impact is close to the support it
reaches its maxiom reaction force much faster compared to if the impact is at the
midspan, 0.08econds compared to 0.42conds. This time difference is due to that
the beam is so soft that it takes some extra time for the force wave in thedeam
reach the support séan. This is because the wave spegdhanged when using the
equi val ent Y gBjuongdifg thenbendingl stiffsedsl, of the beam, see
equation(5.6).
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Figure5.15 Maximum moment, sheaforceand deflection over the length of the soft
beamfor different impact positions, at the time when the maximum
response is reached for each load case.
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Figure5.16 Moment at impact node with regard to time auwpbportreaction force
Ra with regard to timdor different impact positions.

In Figure 5.17 it is presented how the moment and shear force along the beam
increases with timefor impact atU=0.3 andU=0.1. For U=0.3 the moment
behaves in a similar way to the original beae®e sectio®.2.2 except that the shape

of the moment is more curved when the maximum response occurs=fbi the
moment curve behaves in a different way. In the beginning the moment grows in a
similar way to the other cases. But this time the maximum moment occurs not directly
under the point of impact, but closer to midspan. This behaviour is very different
comparedo the moment curve of a static response, and appears to occur when the
frequency ratidy / f, is large. The shear force for the two loading positions behaves in
a similar way as the original beaktowever the shape when loadingt 0.3 is a lot

more curved with a larger force at the supports. In #gnming of the impact though

the shear forces largest at the point of impact.
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5.2.4 Effect of spring stiffness

As mentioned for the 2DOF systamsection5.1.3the behaviour of the response is
identical when the spring stiffness is changed, compared to when the bending stiffness
of the beam is changed, as long as the frequency ratio remains constangstlts

for property sets 2 and 3, s€able5.2, are therefore only presentedAppendix E

5.3 Comparison of model responses

The collision responses for the 2DOF system and FE model presented in Sektion
and5.2 are in this section comparetheincoming object has @elocity vo of 20 m/s,

the massam, is set to 1000kg andthe stiffnessk; is set to 30kN/m. The beam
stiffnessk is based on the beafrom sectiord.1.2 which corresponds to property set
1.

Five different property sets are defined and analysed with both the 2DOF system and
the FEM software, se€able 5.4. This tablealso shows the properties for different
loading positions and what the frequency ratio is for eask.dn property set 2 and 3

the spring stiffnessk; is varied and in property setahd 5the bending stiffneskl,

and subsequently the beam stiffnégds varied. The stiffnesses are changed with
multiples of four,n order to change the eigenfrequencies by a factor two.

In the following sections the comparisons for property set 1, 4 and 5 are presented, i.e.
for the original beam and when the stiffneéthe beam changes. The comparisons

for the cases with changed stiffness of the colliding objpobperty sets 2 and &re

here omitted because the responses are equal in both shape and relative size, see
insteadAppendix E The reason for this is that the frequency ratiexactly equal for

the two casesproperty set 2s equal toproperty seb andproperty se3 is equal to
property set, seelable5.4.

The responses presented in this compariare the displacements and u,, the
supportreaction forceRa, which is the maximum shear fora@nd the moment at the
section where the load is appliétt, all with regard to time. Theupportreaction
force for the 2DOF system is calculated accordang

Rusoor = w =R, ¢ 5.7)

whereR; is the force in the beam at the position of impauib =1 T The moment
is thencalculated according to

M, = Ryp0r @ =R, & &l (5.8)

a

All of the results fron the comparison can be see\ppendix F
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Table5.4 Input parameters for the different property sets and for three different
loadingpositions.

0 Property ki Elp Ko my m | m | f f | fu
set |[KN/m] [MNmz] [MN/m] | [kqg] | [kg] m, |[HzZ] |[HZ] | f,
1 300 | 18.302( 7.028 [1000({1748.6(0.572/2.757110.09[0.273
2 75 18.302| 7.028 |1000|1748.6/0.5721.378/10.09(0.137
0.5 3 1200 | 18302 | 7.028 |1000|1748.6/0.572]5.513]10.09|0.546
4 300 4576 | 1.757 |1000|1748.6/0.572(2.757[5.045|0.546
5 300 | 73.208( 28.112(1000({1748.6(0.572/2.757|20.18|0.137
1 300 | 18.302( 9.960 [1000(2310.8/0.433(2.757|10.45|0.264
2 75 18.302| 9.960 [1000{2310.8/0.433/1.378{10.45(0.132
0.3 3 1200 | 18.302| 9.960 [1000({2310.8/0.433/5.513/10.45|0.528
4 300 4.576 | 2.490 |1000{2310.8/0.433(2.757[5.225|0.528
5 300 | 73.208| 39.842(1000(2310.8/0.433/2.757/20.90(0.132
1 300 | 18.302( 54.229(1000( 10092(0.099(2.757|11.67|0.236
2 75 18.302| 54.22911000| 100920.099/1.378/11.67(0.118
0.1 3 1200 | 18.302| 54.229|1000( 10092|0.099|5.513/11.67|0.473
4 300 4.576 | 13.557|1000{ 10092]0.099(2.757[5.833/0.473
5 300 | 73.208( 216.92(1000({ 10092(0.099(2.757|23.33/0.118

5.3.1 Original beam- Property set 1

The firstcomparison is made with tteame beam as described in secdah2 The
results are presented in form of graphs for how the reaction RarcenomentMyand
displacemerst u; and u, for the two bodies during the impacthree different
positions of impagtfrom U= 0.5 toU= 0.1, are treated and described in this section
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Figure5.18 Comparison of response in displacementind 4 over time between
2DOF and FEM, for three different positions of loading and with
property set 1.
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over time between 2DOF and FEM, for three edi#ht positions of
loading and with property set 1.
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FromFigure5.18the conclusion can be made that the correlation for the displacement
up is very good and no difference can be seen in any of the loading positions. This is
alsothe case for all the other property sets, which is why this comparison is left out in
the following sections. The reason for this is probably that the incoming object is
modelled as a simple sprimgass systemwith the same stiffnedg in both models.

If insteadu, is analysed a difference between the modeals be observed. The
correlation is almost perfect when loading at midspan, while it gets worse when
loading closer to the support. The difference is still smallD.3 and the shape of

the resporss is almost equal. A=0.1, though,the difference is larger and the
shape of the curves differ ¢eia lot. The 2DOF response has a noticeable increase in
displacement at the second impact while the FEM response shows only a small saddle
point. The maimum displacement fou, is on the other hand dgeisimilar in both
models, with a slightly larger value from the FE model respdtisace, the 2DOF is

able to predict the maximum displacement rather well

In Figure 5.19 the suppd reaction forceRa and momentMy is compared, and the
difference are here more evident; again more so whelodkes applied closer to the
support. For thesupportreaction forceRa the responsés slightly higher for the FE

model when loading atidspan, while it is the other way arad when loading at
U=0.3. WhenU= 0.1 the reaction forcés noticeablelarger for the 2DOF model,

while the shape of the graphs is clearly differé&gither doeshe FE model have a
noticeable seconddump on the curveere,which it doeswhenthe loadis applied at
midspan. The 2DOF system shows a similar behaviour in all three cases with a second
bump after approximately 0. E&conds.

The moment diagrams show a similar behaviaithe reaction force, but hetiee
response from the 2DOF modslalways larger.lt can also be noted that far=0.1

the shape of the response from the FE analysis regarding moment and support reaction
force is almost identicakith the values for the reaction force being roughly twice as
large compared to the moment.

One conclusion from these comparisons is that correlationbetween 2DOF and

FEM always gets worse when moving closer to the support, i.e. mékamgaller.

This probably has to do with that other eigenmodes than the first one have a large
impact when loading close to the support. Fordage whernoading at midspathe

first eigenmodas the most significant one. The 2DOF system created can on the other
hand only simulate the first eigenmode of the beam.

Another way of presenting the comparison between the 2DOF system and FE model
is to create erelopes of the moment and shear force curves along the Dédsris

done by superimposing the maximum responses for five different positions of loading.
For the FE responséhis can be explained as superimposing the curves from
Figure5.11. The envelopes are mirrored to be valid for impacts on both sides of the
midspan. The comparison of the envelopes can be seé&imgume 5.20. As seen
previously in this sectiorthe 2DOF system response is on the sale for the whole

length of the beam.
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Figure5.20 Comparision of the envelopes for the Moment M and shear force V over
the length of the beam, between the 2DOF and FE responses.
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5.3.2 Effect of beam stiffness

The beam stiffness is now made one fourth as stiff and four times aosifiired to
the original beam, to study thetoame of varying stiffnesses, séable5.4.

5.3.2.1 Stiffer beam1 Property set 5

The correlation in displacemen;, for the stiffer beam is about the same as for the
original beam, se&igure5.21. The correlation is again very good when loading at
midspan and it gets worse when loading closer to the suppsrtor the original

beam the E model displays the highest values in all loading positions, but the
difference is small. The shape also for this case differs more when loading closer to
the support, where the FE model loses some of the peaks which was visible closer to
midspan, while he 2DOF modeVirtually preserves its shapegardless of loading
position
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Figure5.21 Comparison of response in displacemenbwuer time between 2DOF
and FEM, for three different positions of loading and with
propertysets
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The correlabn of reaction forces and moments have the same behaviour as for the
original beam, with a much smaller difference in response compared to the weak
beam, sedigure5.22. At U= 0.3 the correlatioris still very good, as was thease

with the original beamFor U= 0.1 the difference is larger but still relatively small,
and thus, fully acceptable.
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Figure5.22 Comparison of response sBupportreaction force R and moment
over time between 2DOF and FEM, for three different positions of
loading and with property set 5.
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The comparison of the envelopes for moment and shear fatvecen the 2DOF
system and the FE modedn be seen iRigure5.23. Also this time the 2DOF system
response is on the safe side the whole length of the beam, but the difference is

small.
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Figure5.23 Comparision of the envelopes for the Moment M and shear force V over
the length of thetiffer beam, between the 2DOF and FE responses.
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5.3.2.2 Softer beami Property set 4

The correlation in displacemeunt is for the softer beam ldtle bit worse than for the
original beam,compareFigure 5.24 and Figure 5.18. For loading at midspan the
correlation is still very good but it gets worse when loading closer to the support. This
time the 2DOF model displays the highest values in all loading positiormsnimnast

to the original beam.
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Figure5.24 Comparison of response in displacemenbuer time between 2DOF

and FEM, for three different positions of loading and with
propertyset4.

The correlion of reaction forces and moments show the same behaviour as for the
original beam, with higher differences closer to the support, FSgare 5.25.
However, this timehte differences is a lot larger than before, as the 2DOEmyst
overestimates the response by ovempé&ftent compared to the FE analysis, when
loading atU=0.1.
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Figure5.25 Comparison of response supportreaction force R and moment
over time beveen 2DOF and FEM, for three different positions of
loading and with property set 4.
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The comparison of the envelopes for moment and shear force between the 2DOF
system and the FE model can be sedrigre5.26. Also this timethe 2DOF system
response is on the safe side for the whole length of the beam, and the overestimation
is significant.
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Figure5.26 Compari®n of the envelopes for the Moment M and shear force V over
thelength of the soft beam, between the 2DOF and FE responses.

5.3.3 Observations from the comparison

From the comparisons in the previous sections it is clear that the correlation between
the 2DOF and FE models are quite good for all property sets when the laaplied

close to midspan. When the load is applied closer to the support, the correlation will
be worse. The cause of this could be that other eigenmodes than the first one is
important when loading close to the support and, as discussed earlier, the 2DO
system cannot simulate thgz®perly.

When making the beam softer the difference in respanseeased a Iotin
comparison to the original and stiffer beam which had similar difference in response.
If at the same time looking at the frequency ratidd, for the different cases, it gets
clear that the higher the frequency ratio the worse the correlation.

This phenomenon is geiinteresting and needs to be investigated further. From now
on the focus is set on the correlation of the shear force, $ednaften is more
critical and of bigger importance when collision impacts are treated. The bending
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moment could also be of importance, but it does not in general lead to a beam failure
because of yielding and plastic redistribution.

5.3.4 Comparison ofsuppart reaction forces

To study the shear force tlseipportreaction forceRy is investigated, since it is in
general equal to the maximum shear force in a beam. The correlation between the
2DOF and FE models are studied by using the ratio of the reactiorsforc
Ra2por / Rarem In Table5.5 this ratio is presented together with the frequency ratio

f1 / f,, for all of the loading positions and for even more property sets than presented
before. To clearly be able to see how the catimieof reaction forces depends on the
frequency ratio, these values are also plotte#igure 5.27 and Figure 5.28. If the
original beam corresponded to a vehicle colliding with a barrier, one coukl @hi

the highest frequency ratios as a rigid steel projectile colliding with a barrier, rather
than a vehicle colliding with an unreasonably soft barrier.

In Figure5.27 it can be seen once again that the correlation is best kwhdimg at
U=0.3. When loading at midspa/= 0.5, the 2DOF system underestimates the
response, meaning it is not on the safe sides could still beacceptablesince the
moment utilizes plastic redistriban and the shear force is considerably larger when
the load is applied close to the suppovwhen U=0.1 the largest differensein
reaction force can be seand here the 2DOF system overestimates the shear forces.
What is positive about this is that using the 2DOF system is on the safe side and the
responsenvhen loading close to the support is likely the governing one in a design
process, i.e. the largest one. The downside is that using the 2DOF system could result
in very oversized structures, which is not sustainable from an environmental and
economic vieypoint.

The trend inFigure 5.27 shows a decreasing correlation when the frequency ratio
increasesAfter further studies, it was found out that this is not really true when the
frequency ratio has a higher value than 1, Bigare5.28. From this it can be seen

that the ratio of the reaction forces starts to decrease for higher values of the
frequency ratio. This results in a better correlation at first, but subsequently leads to
that the 2DOF model undestemates the response for all loading positions, making it
not safe to use anymore. For the case wher®.1 the 2DOF model will not be safe

to use anymore when the frequency ratio exceefls\Zhen the frequency ratio
exceedsa value of approximatel$.5 for the same loading positiche ratio of the
reaction forcds even lower than for the case wher 0.3. This occurrence could be
interesting to study further to see what happens to the force ratio at even higher
frequency ratios than8 because it looks like it could decrease even more.
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Table5.5 Input parameters and reaction forces for the different property sets and
for three different loading positions.

5 | Property l\éli);if l\;i):;ﬂf Razoor | ke Ely 2 Ko fp | f2 | fu
et || T | Rase | | IMNm | (N | (2] | (H2) | T,
1 221.0| 238.5| 0.927 300 | 18.302| 7.028 [2.757[10.09|0.273
4 263.5| 304.6| 0.865 300 4576 | 1.757 [2.757[5.045| 0.546
5 198.6 | 207.3| 0.958 300 | 73.208] 28.112(2.757(20.18]{0.137
6 191.2| 250.6| 0.763 300 1.144 | 0.439 |2.757(2.523]|1.093
7 185.5| 189.5| 0.979 300 | 292.83| 112.45|2.757[40.36| 0.068,
03 8 254.3| 285.9| 0.890 300 9.151 | 3.514 [2.757]7.135[0.386
9 192.3| 201.3| 0.955 300 | 36.604| 14.056(2.757[14.27]0.193
10 240.3| 293.4| 0.819 300 2.288 | 0.879 |2.757)3.567|0.773
11 99.89| 152.3| 0.656 300 0.286 | 0.110 [2.757|1.262(2.186
12 90.55| 140.7| 0.644 300 0.071 | 0.028 [2.757|0.630[4.371
1 307.0| 293.5| 1.046 300 | 18.302| 9.960 (2.757[10.45|0.264
4 381.8| 338.1| 1.129 300 4576 | 2.490 [2.757(5.225|0.528
5 276.1| 271.9( 1.015 300 | 73.208] 39.842(2.757[20.90{0.132
6 294.6| 243.2( 1.211 300 1.144 | 0.623 [2.757[2.612|1.055
7 259.3| 256.7( 1.010 300 | 292.83| 159.37(2.757[41.79|0.066
03 8 359.7( 339.0( 1.061 300 9.151 | 4.980 [2.757|7.388(0.373
9 273.8| 259.0| 1.057 300 | 36.604] 19.921(2.757[14.78]0.187
10 358.7| 294.3| 1.219 300 2.288 | 1.245 |2.757)3.694|0.746
11 203.0| 229.4| 0.885 300 0.286 | 0.156 [2.757|1.306[2.111
12 102.7 | 127.7| 0.804 300 0.071 | 0.039 [2.757]0.653|4.221
1 378.0| 332.2] 1.138 300 | 18.302]| 54.229(2.757[11.67|0.236
4 522.3] 334.0( 1.564 300 4576 | 13.557(2.757[5.833|0.473
5 342.7| 324.0] 1.058 300 | 73.208] 216.92(2.757[23.33|0.118
6 478.6| 281.7| 1.699 300 1.144 | 3.389 [2.757|2.917|0.945
7 326.5| 317.7| 1.028 300 | 292.83| 867.66(2.757[46.66|0.059
0.1 8 462.5( 353.8( 1.307 300 9.151 | 27.1142.757|8.249(0.334
9 364.3| 308.4( 1.181 300 | 36.604| 108.46(2.757[16.50(0.167
10 531.6| 313.9( 1.694 300 2.288 | 6.779 |2.757)4.125|0.668,
11 285.3| 255.9( 1.115 300 0.286 | 0.847 |[2.757|1.458(1.890
12 148.2 205.6| 0.721 300 0.071 | 0.212 |2.757|0.729| 3.781
13 105.5( 177 0.596 300 0.036 | 0.106 [2.757|0.516|5.349
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Figure5.27 lllustration of how the ratio of theupportreaction force R for the
2DOF and FE model varies with the frequency ratio of the two objects.
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Figure5.28 lllustration of how the ratio of theupportreaction force R for the
2DOF and FE model varies with the frequgmatio of the two objects.
Same agigure 5.27 but for higher values of the frequency ratio.

It is now known how the ratio of the reaction force varies with the frequency Itatio.
can also be of interest to see how the two re@adorces behave separately from each
other, to understand why the ratio looks like it does. ‘hghownfor the FE model

in Figure5.29 and for the 2DOF model irigure5.30.
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Figure5.29 lllustration of how the reaction force from the FE modgkR, varies
with the frequency ratio of the two objects.
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Figure5.30 lllustration of how the reaction forcedm the 2DOF model Rpor
varies with the frequency ratio of the two objects.

In Figure5.29it is seen that theupportreaction forceRa rem has its largest value for
all loading positions at a frequency ratio of about 0.5thimregion close to this
frequency ratio the differends alsothe smallest between the loading positions. The
reaction force when loading &t= 0.1 is generallythe largest ondor all frequency
ratio§ which confirms that it can be the governing loadecin a design process.

The reaction force from the 2DOF systdRaopor also has its maximum for all
loading positions at a frequency ratio of about 5opposite to the FE modehe
difference in response between load casémgest here, while theesponses seeta

come closer to each other when the frequency nati@asesThe behaviour of these
lines virtually follows the behaviour of the load factwy, which is plotted for two
mass ratios, approximately corresponding to the three loading positions, in
Figure 5.31. This is also expected sincthe load factor diagram is based on a
2DOFmodel.
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Figure531 | | |l ustrati on o fqvaneswiththh feequenzyaratio fora ct o r
two different mass ratios, corresponding to the different loading
positions.

From Figure 5.29 it can also beseen that the EF response has a slightly different
appearance than the 2DOF response, and this gives the idea that a diagram for a load
factor corresponding to the FE response could be cresitediar toFigure3.12. This

can also be a topic d@drther studies.

5.3.5 Comparison with calculation model from Biggs

To try and find a more accurate approximation of s@portreaction force R
compared to FEnalysis, that is on the safe side for frequency ratios aboy&h2.0
conventionalcalculation nodel according to Bigg€l964)is implemented. Here the
supportreaction forceRa is calculated by

RA,Biggs:.gle(t)+g2R1(t) (59)

whereRy(t) is the external load arf&(t) is the reaction force obtained from the 2DOF
system. The two load factossanda, depend on the impact position on tieam and

are for impact at mgpan U= 05, presented by Bigg€l964) The load factors used
for other impact positions have previously been determinelbbgnsso2014b)and

are presented ifiable 5.6. If the load factors are studied it can be seen that adding
them together givea value ob corresponding to eAdoading position in the table

g+, =b (5.10
where according td-igure5.7
b=1-a (5.11)

See also equatiofb.7) for similarities with equatior{5.9) and both equations gives
the same response whig(t) = Ry(t).
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Table5.6 Load factors used to determirgupport reaction force Rigiggs DY
conventionamethod values fromlohanssor{2014b)

U q &

0.05 1.429 | -0.479

0.10 1.357 | -0.457

0.15 1.286 | -0.436

0.20 1.214 | -0.414

0.25 1.143 | -0.393

0.30 1.071 | -0.371

0.35 | 0.999 | -0.349

0.40 | 0.926 | -0.326

0.45 0.854 | -0.304

0.50 0.781 | -0.281

In the following analyse only impacts close to the suppdits 0.1, is studied since
these are the most critical both with regard to shear forc¢haenability of the 2DOF
system to represent an accuratedttiral responsat this impact position. In order to
study theresponseof the system for even higher frequency ratios than before an
additional property set with a beam stiffness 512 times lower than the original beam
(property set 1) is created givindgraquency ratid, / f, of 5.35 sed able5.7.

Table5.7 The property sets used with Biggs,

Property, Max of | Max of Ragiggs | ki Elp Ko fy f f)

set | e | e R | INim] M| (NI [ (HZ] | (HZ | T,

332.2 | 424.1 | 1.277 300 | 18.302| 54.229|2.76|11.67| 0.236
353.8 | 540.9 | 1.529 | 300 | 9.151 | 27.114|2.76| 8.25| 0.334

334.0 | 648.9 | 1.943 | 300 | 4.576 | 13.557|2.76| 5.83 | 0.473

10 3139 | 767.2 | 2.444 | 300 | 2.288 | 6.779 | 2.76| 4.13 | 0.668

6 281.7 | 721.6 | 2562 | 300 | 1.144 | 3.389 | 2.76| 2.92 | 0.945

11 256.6 | 430.1 | 1.676 | 300 | 0.286 | 0.847 |2.76| 1.46| 1.891

12 206.7 | 2235 | 1.081 | 300 | 0.071 | 0.212 | 2.76|0.739| 3.782

13 177.0 | 159.0 | 0.898 | 300 | 0.0357| 0.106 |2.76|0.516| 5.349
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Figure5.32 lllustration of how the utiliation of the reaction forcdrom the 2DOF
model and Biggscompared to the FE modefaries with the frequency
ratio of the two objects.

As seen irFigure5.32 the correlation between Biggs and FEMsisiilar tothe 2DOF
model usd befoe up to a frequency ratio of about Obtit as theeaction force ratio

for 2DOF do not longer increase at a frequency ratio of abouth® Hverestimation
using Biggs still increases, reaching a maximum value of more than 2.& for
frequency rat of 0.95 It then starts to decrease but is on the safe side all the way up
to a frequency ratio of around dndthen appears to be converging at a utilization
ratio of around 0.8But further studies are needed to confirm that this is the case for
evenhigher frequency ratios.

In Figure 5.33a it is seen that both 2DOF and Biggs giveseasonably good
approximationof the maximumreaction force, but both shows double bumps that is
not visible in the FEanalysis. Fronkigure5.33b andFigure5.33c it can be seen that

the reaction force is overestimated but the shape of the curve shows the same
sinusoidal behaviour. The behaviour Figure 5.33b showsthat the force becomes
almost zero after the initial impaca response that occuirs all three calculation
models.Figure5.33d shows that neither 2DOF nor Biggs gives a good approximation
of the reaction force, instedabth method greatly overestimates it. The maximum
value is also delayed .1seconds compared to the RRalysis. InFigure5.33e is

the 2DOF and Biggs responses again delayed, but this time the 2DOF gives a very
good maximum value for éhreaction force. Ifrigure5.33f it can be seen that 2DOF

now givesa smaller maximum value compared to thearBlysis putting it on the
unsafe sidewhile Biggs give a really good approximation of the maximsupport
reactionforce Ra. However both 2DOF and Biggs shows a much longer loading pulse
that reaches its maximum Gs8conddater than the FEanalysis.Evidently neither
method is able to represent the result in the FE analysis.
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One conclusion that can be drawn on the basis of thisaisfor frequency ratios
below2.5, the 2DOF system produces the most accurate result and is on thelsafe si
For frequency ratios abo&5, Biggs is still on the safe side tp a frequency ratio of
about4.5. For higher frequency ratios the utilization ratio seé¢m converge at a
value around 0.8, meaning the reaction force is underestimated fgr@t, but
further studies are needed to be able to confihetherthisis really the case.

It also needs to be clarified again that the beam stiffRést the FEsoftwareis
modi fied by changing the value of t
moment of inertia This implies that also the wave speegpendent orY o u n g
modulus and the density) the material is changed, see equa{®6). This could be
a reason why the response behaves so different when the beam is very soft and should
be investigated further.

e You

h
0s

When dealing with very soft beams one also needs to remember that damping is
ignored in this project. e assumption to do so was valid for stiffer beams but one
can argue that the importancedamping is larger when the beasrsoft, i.e. for high
frequency ratios. This coulte because the response is much slower and the effect of
dampng would have timéo make an impact.

5.3.6 Deflection of weak beams

As seen inFigure 5.33 the difference in time between 2DOF and FEM to reach the
maximum supportreaction forceRa increasedor the softer beams with the 2DOF
system being much slowemherefoe further studies are performed to study the
behaviour of the deflean as the stiffness of the bedandecreasedn this section,
thedeflection at the point of impaag is comparedthis ishowevemot the maximum
deflection of the beamhat instead will occur close to the nsidan regardless of
impact position as previously shown kigure 5.13. The comparison presented in
Figure 5.34 shows the deflectiom, over time when loadingt U=0.1 As seen in
Figure5.34a to Figure5.34d the 2DOF system gives a good estimate of both the size
of the maximum deflection and at which time it occurs. Higure 5.34e and
Figure5.34f the FEanalysis shows a double top with the second one being the larger.
This is thought to be due to that the impact is so close to the supatitie force
wave created from the impactoounces back from the gport with mirrored
amplitude. This creates the local minimtinat occurdefore the absolute maximum

is reached. This behaviour is not captured by the 2DOF system which shows a
sinusoidal behaviour. The maximum from 2DOF is reachewstl at the same time

as the FEmodel has a local minimum but the overall pdrtime seem to correlate
well.
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Figure5.34 Comparison of how the deflection ohanges over time at position
U= 0.1 for different property sets.
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To see if the phenomenon occurring Figure 5.34e and Figure 5.34f continues
throughout the beam the deflection is also examined apardfor the same loading
position, U= 0.1, seeFigure 5.35. There it can be seen that the curve from the

FE analysis becomes smoother and more stable, showing the same behaviour as the
2DOFmodel. The maximum responseaidittle bit delayed in the F&nalysis, which

IS probably due to that it takes some time for the midspan of the beam to react to the
impact. This is more noticeable for theoft bears since the wave speed is lower, see
equation(5.6).

In opposite to the reaction force the deflection from 2DOF seems to always be on the
safe side. This suggests that the reason for the decreasing reaction force for softer
beams has something to do with how the reaction force is obtainedhfeaheflection

by using the equivalent static load.
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Figure5.35 Comparison of how the deflection at midspaj ahanges over time for
U= 0.1 for property sets 11 and 12.

5.3.7 Comparison of response assuming characteristic impulse

For collisions with high frqguency ratios, the beam is musbfter than the colliding
object. This implies that almost all deformation takésce in the bearand tha the
duration of the impact ishortcompared to the perio@, of the beam With this in

mind, it is assumed that the impulse in such cases can be seen as a characteristic
impulse, wih an infinitely short durationln Figure 5.36 it can be seen how the
duration of the impulsdecrease when the frequency ratio increasbkis is made by
changing the stiffness of the colliding object rather than stiffness of the beam, to make
the difference easy to comparfkhe three highest frequency ratespear tchave a
impulse that isshort enough to be seen as characterisée, alsd~igure 5.37. The

same reasoning will be valid when changing the stiffness of the beam instead, but in
this case the duration of the impact will remain almost constant while the period of the
beamT, increases. This concludes that the governing fatdomwhen it is reasonable

to assume a characteristic impulsal] be the relabnship between the duration of
impact andhe period of the beam.
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Figure5.36 lllustration of the shape of the impulse for five different frequency
ratios.

Whether this is true or nad investigated in this sectidoy studying the reaicin force
from a characteristic impulse.

First, the deflectionof the beamsubjected toa characteristic impulses written,
according tesection2.3.2.2 as

I I
Uy =—— = —F—= 512
mGy, Jm G, R
where the characteristic impulse is defined as
. =20n Q, (5.13

when the response is elastithe reaction force can, by utilizing equati($2) and
(5.7) together with(5.12), be written as

RA,char = kb m2,el 07 (514)

This reaction force is now calculatédr the property sets with higist frequency

ratiog and the result is plotted together with the 2DOF and Biggs results in
Figure 5.37. It can be seen that the characteristic impulse gives values that lies
somewhere in betweehd 2DOF and Biggs responaden the frequency ratiq / f,

is above 1.0 This is quite good results if you consider the simple formula for
obtaining them, where only the masses, beam stiffness and initial velocity needs to be
known. This formula can be e&d for rough estimatesvhere the reaction force or
displacement needs to be estimated with a simple method.
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5.4 Design example with abilinear stiffnessrelationship

5.4.1 Orientation

In this section an example of an analysis is carried out and the aim is to come as close
to a real life design problem as possible. phablem consists of analysing a column
which is subjected to a collision impact from a moving vehséeFigure5.38. The
column is represented by the sagh@sticbeam as was used in previous sectionsafor
detailed descriptin seesection4.1.2 In order to better capture the real behaviour of a
vehicle impact, as describedsection4.1.], a bilinear loaetlisplacement relationship

for the springrepresenting the vetle is utilized and the material response is fully
plastic meaning that the displacemertmains constardat unloadingA fully plastic
vehicle response is also what is assumed in Eurocode, with which a comparison will
be conducted. Only the 2DOF modeluised for analysis in this section because in
ADINA it is not possible to use plastic responder spring elements

The analysis is carried out with, in addition to the one described afveenore
load-displacement relationships for the vehicle inesrdo study the difference in
response and determine if a simplified relationship can produce acceptable sesults,
Figure5.38. The second relationship exhibits elastic behaviour instead of plastic,
the thirdand fifth relaionship exhibits a linegslasticcurve and the fourthnd sixtha
linear elastic curve.

R]_ Rl
hy _xgr
el
Iy
_Vo
e 3 4
m k1 . Kig ===~
my . _<E+ N =" R
U% e Uu el
Ry
k 1
5 1,2:
]
:
e Uu el

Figure5.38 lllustration of the vehicle colliding with a beam representing &icm
and thesix different loaddisplacement relationships for the vehicle
studied in this exampl&@he dashed line represents the unloagath

The properties oboth the beam and the vehicle gnesented inTable 5.8. The
stiffnessk, 1 is set to 30&N/m in accordance with Eurocodg,; is four times greater

1 200kN/m and the change in stiffness is assumed to happen when the deformation of
ki, has reached 0, which is a reasonable assumption accordingigorre 4.10.
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The loading position is chosen to beJat 0.1, also in accordance with Eurocode. The
stiffness of the beark, and the transformation facter, ¢ is calculated accdmg to

the method presented in sectiBrwhere the transformation to a 2DOF system is
described.The massm, is specified as 500kg for cars in Eurocode, and the
velocity vp is stated as 2B1/s for motorways, so these values are chosen for the study.
According to Eurcode the force should be applied as a distributed load with a height
of 0.25m. This small distributionp = 0.05, can according to sectiOrbe regardedas

a point load.

Due to the relatively low frequency ratio in this example the 2DOF system will,
according taFigure5.27, produce a result that is a good estimate of the FE response.
Therefore the 2DOFsystemcan in this casebe seen as a good reference and
representation of reality

Table5.8 Properties of the beamnd thevehicle for use in the 2DOF model, see
section5.1for explanation of variables.

lb 5m
my 3600 kg
Elp = EA 18.302 MNn4
Beam J 01
Ko 54.23MN/m
Smel 2.803
m 10092kg
fy 11.67Hz
my 1500 kg
Vo 25m/s
Ky 1 300kN/m
Vehicle Ki 2 1 200kN/m
Upi 0.5m
f11 2.251Hz
f1o 4.502Hz
f11/fy 0.193
Ratios f12/ fp 0.386
my / my 0.149
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5.4.2 Resultsusing the 2DOF system

The resilts from the 2DOF systemasing the different loddlisplacement relationships
are presentednd compared with each otharthe following sectiongOnly theforces
are shown since is the most important parameter ahe@ displacement, follows
the same response as the fdRge

5.4.2.1 Bilinear plastic behaviouri Material response 1

16 . 2.0 =
14 ----- Rl | | 15 R2
1.2 —R2| 1.0 /,—-——— 1=
= =
o 0.8 . . 0.0 - —
o /’ ! O
S 0.6 7 i 5-0.5 -
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Displacementi [m] Timet [s]
a) b)

Figure5.39 Forcei Displacement curve and Forde Time curve using material
resporse 1.

In Figure5.3% the forceR; is plotted against the deformati@auand R; is plotted
againstu,. It can clearly be seen by the shapeRpfthat the vehicle has a plastic
material response with a bilinear stiffness. The beafully elastic and much stiffer
than the vehicle which is confirmed by the shapB0fin Figure5.3% it can be seen
that the impulse fron; is cut off after reaching the maximum force value and this is
when the impact is oveThe velocity isat that timezero and the vehicle will change
direction. This behaviour is typical for plastic material resporndes.maximum force

in the beamseen in bothrigure5.3% andFigure5.39%, isR, = 1 504 kN.
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5.4.2.2 Bilinear elastic behaviouri Material response 2
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Figure5.40 Forcei Displacement curve and Forde Time curveusing material
response 2.

The material response of the vdbicis now fully elastic, which is seen in
Figure5.40a. The load?; now follows the same path both at loading and unloading,
in the same way as the load in the bdamBecause of this the impulse is twice as
large compared tBigure5.39%, the maximum force irthe second bodig on the other
handnot muchlargerthan beforereaching a value d®, = 1 536kN.
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5.4.2.3 Linear plastic behaviouri Material response 3 and 5
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Figure5.41 Forcei Displacement curve and Forde Time curveusing material
response 3, stiffnessg k= 300kN/m.

The material response of the vehicle is now linearly plastic using the lower stiffness
ki 1. Compared to the bilinear @ashe deformatiome uis much larger and the forces

are lower, se€&igure5.41. However the work done by the vehicle, equal to the area
underRy, is about the same as befoféne maximum force ithe second body now
reaches a valuef R, = 554.5kN.
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Figure5.42 Forcei Displacement curve and Forde Time curve using material
response 5, stiffnesg k= 1 200kN/m.

The material response of the vehicle is again linearlytipldsit using the higher
stiffnessk; . Compared to the bilinear case the deformadsus now smaller but the
forces area little bit larger, sed-igure5.42. The maximum force in the second body
now reaches a value 8 = 1 629kN, which is a good approximation of the response
in the bilinear case.
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5.4.2.4 Linear elagic behaviouri Material response 4 and 6
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Figure5.43 Forcei Displacement curve and Forde Time curve using material
response 4, stiffnessg k= 300kN/m.
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Figure5.44 Forcei Displacement curve and Forde Time curve using material
response 6, stiffnesg k= 1 200kN/m.

The material response is now linearly elastic. The results for both forces are almost
the same compared to the piastase, with slightly higher values due to the larger
impulse. The maximum force in the second body is for the lower stiffness
R, =588.7kN and for the higher stiffne$® = 1 661kN.
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5.4.2.5 Comparison between material responses

In Figure5.45the force in the beaf, is compared for the bilinear and linear material
responses for both the elastic and plastic caBes.case with linear response and
lower stiffness is omitted because of the lower force level.
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Figure5.45 Force i Time curvefor comparison between the different material
responses.

For theelastic responses the maximum foReis slightly larger, due to the double
size of the impulse-dowever, for theplastic cases it cdpe seen that the amplitude of
R is larger after the initial impact compared to the elastic casestt > 0.1seconds
This is due to thafor the elastic casthe force on the beaf, is still acting when the
beam is movingn the negative directigrwhile for the plastic case the force on the
beamR; stops acting when the vehicle changes directidre difference in force
between thelifferentplastic and elastimaterial responses gpeesented iffable5.9.

Table5.9 Comparison between the different ldadisplacement relationships.

Plastic unloading| Elastic unloading

R
I:Qz,pl

Material responsgl R, R i Rl Re

(KNI | Rppw [ KNI | Rypy

Bilinear loading,

1504 | 1.000 | 1536 | 1.021 | 1.021
response 1 and 2

Linear loadind.s, | 5545 | 0369 | 588.7 | 0.391 | 1.062
response 3 and 4

Linear loadingk; 2,

1629 | 1.083 | 1661 | 1.104 | 1.020
response 5 and 6

As seenin Table 5.9 the ratio betweenelastic andplastic unloading islose to ong
1.021when usinghe blinearloading curveand1.062and 1.02Gor the linear loading
curves. It is also seen that thesultingload when using the bilinear curve is almost
three times as tge compared to whethe linear curvewith the lower stiffnes®; ; is
used.If instead the higher stiffneds » is used the resulting load in the beam is
slightly overestimated compared to the bilinear cuwigh about ercent for the
plastic case antiO percent for the elastic case.

This implies that for the parameters used in this examfe, linear response with
high stiffness can be used for the vehicle to estimate the realibehaithe collision
impact. Thigs alsoon the safe side for botHastic and plastic material response.
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5.4.3 Eurocode

The resulting force on the structure is calculated according to Euroc@deasl
described in sectioA.3. Specificallytisi n annex C, ADynamic desi
thatthe design process is described.

The impact positiofior carsis given as 0.5n above the grnd inEurocode, which is
the same value ddh, used for the 2DOF analysisll other input values used are as
given inTable5.8.

The theory of hard impact given in Eurocode is used in this study because it states that
the vehicle deforms more than the barrier. More peettiassumes a rigid barrier and

a vehicle that deforms linearly, hence Eurocode neglects any bilinearity in the vehicle
response. Theodethen states an expression for the maximum resulting dynamic
interaction forcd=, which is given in equatiofb.15)

F =v, Qfk &n, (5.15)

wherey; is the object velocity at impact. This is the same expression as the dynamic
load for a hard impact, derived in sect®2.1

If now the current values are inserted into equaftolb), the response becomes

F = 25(/300000° @500=53033kN (5.16)

This is the maximundynamic force value that is acting on theter surface of the
structure, corresponding 1#®; in the 2DOF systemEurocodethen states that this
value needs to be multiplied with an amplification facigr to account for dynamic
effects irsidethe structurgthus giving a force correspondingf. It is not explicitly
explained how the amplification factor should be calculated, only that a direct
dynamic analysis is recommended to usdact he ampification factor correspond

well to the load factobe described in sectiol.2.1, even though it is derived for
elastic respons@astead of plastidJsing thisload factorwould increas¢he maximum
force with about 1@ercent in this case seeFigure 3.12. The force in the bearR;

then becomes

R, = b, (F =1.133033=58336kN (5.17)

which is a good approximation of the linear plastic response obtained in
secton 5.4.2.3 Because of the greahportanceof the secondary stiffness ,, seen in

the previous sein, it is now natural tinsteaduse that stiffnesm equation(5.15) to

find a better correlation with théilinear 2DOF model By doing so and also
multiplying with the corresponding load factor the force in the structure will get a
better value

R, =1.57(25(3/120000° A500=16653kN (5.18

The force is now a lot biggecompared tavhenusingrecommendedaluesandit is

even on the safe side of thiéinear2DOF responsdt can also be noted that the force

is now really close to the 2DOF system when linear response with high stiffness is
used seeTable5.9.
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5.4.4 Observations

The different material behaviours of the vehicle proved to give quite big differences in
response with the stiffer part of the leddplacement curve to be governing. This is
really interesting since, asentioned before, Eurocode only assumes a linear material
relationship with aelatively low stiffness. This leads to that the maximum folRse
obtained according to Eurocode is only abdGOtpercentof the maximum force
obtained from the 2DOF modasting a bilinear material responsé€his proves that it
sometimes can be dangerous to trust the values and formulas in Eurocode without
having the proper background knowledgi.should also be mentioned that the
stiffness values used for the bilinear matemglponse in this example is much lower
about one thirdgompared tavhat was discovered in sectidril.], seeFigure4.10.

Onewould think that a better result would be obtained by gighe higher secondary
stiffness in the formula from Eurocode. ©burse this is also the case aritle
respase, after multiplying with the load factor, beconséghtly higher compared to
thebilinear plasti?DOF systemmeaning it is on the safe side.

Another conclusion from this example is how important the second stiffness is,
especially when the velocity of the vehicle is highn the other hand, folow
velocities resulting in deformatiof®low orclose to the point of stiffness change, the
first giffness will bedominant.

It should also be pointed out that although the effect of plastic material response
proved to be small in this example, the effect is believed to become much larger for
collision impacts with a high frequency ratiBor these ca&s the response of the
second body will be much slower than the response of the first. Thereby the entire
impulse will be transferred before the second body reaches its maximum deflection,
thus will the difference irsize ofimpulsebetween elstic and platic response make
moredifference

5.4.5 Comparison

It can be interesting to investigate the correlation between Eurocode and the
2DOFmodel for different velocitiesvhen using the higher secondary stiffness
valuek; ». The load factobe used in the Eurocodealculationis againobtainedfrom

the diagram irFigure 3.12, and the values are presentedlable 5.10. Figure 5.46

shows a magnified version of the grdpbm Figure3.12 with the coordinates marked

by a crossEurocode also provides structural parameters for heavy vehicles and they
are therefore included in this comparison. The same stiffness values should be used
for all types of vehicles accordingp Eurocodetherefore the stiffneds; , is used for

both types of vehicle.

Table510 Properties used f orginaddeexampiei ng t he

: my ki 2 f12 m fio Del
Vehicle ' : — —=
[kq] [KN/m] [Hz] m, f, [-]
Car 1500 1200 | 4.502 | 0.149 | 0.386 1.57
Heavy vehicle 30000 | 1200 | 1.007 | 2.973 | 0.086 1.08

CHALMERS, Civil and Environmental Engineering Ma st e 208480Thesi s 11¢

(O y>



1.8
I Hard impac]
1.7 '/—/ 0.10
//,
16 ] ——0.20
' — ——0.50
— 15 / 1.0
= / —15
1.4 —
5 L ~—_ | —20
° /1~
8 1.3 / g 3.0
mmme
T ~—~— — 10
- 1.1 j/ L ——50
| — T
10 T T T ! \\ 100

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60
Frequency ratid, / f, [-]

Figure5.46 Load factor diagram with coordinatesed in the example.

The comparison for different velocities can be sedfignre5.47 for the two types of
vehicle. The correlation between Eurocode and the 2m0del isacceptable for the
case with the car, as long as the aiitielocity is not too low. This is due to that the
bilinear material response is used in the 2DOF system and the secondary $iffness
will not influence the respons initial velocities under about /s, sed-igure5.47.

At such low initial velocities Eurocode will overestimate the response with up to
170percent. In these cases it would be wiser to use the lower stifpess the
Eurocode calculatioVhen the heavy vehicle is studied the correlation is very good.
The bilinear response is still used for the vehicle but since the mass itaugeyhe
secondary stiffness i®ached at a much lower velogigbout 1.6n/s This velocity

can be obtained by using equat{éri9)

_y (M
A ubi\/; (5.19

It should be noted thathé¢ stiffness still changes at the same foleeel and
deformation as before, ségure5.3%.

3.0 I I I 9 I I I
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Figure5.47 Comparison of resulting force in the beam between Eurocode and
bilinear 2DOF for different initial velocities.
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From this example it can be concluded tiat method provided iBRurocode can be a

good estimation in a design process, as long as the correct value of the vehicle
stiffness and load factor is used. The method seems to always be on the safe side
because it assumes a hard impact. It should though be noted that the results may not
really ke accurate for the highest velocit@®senteddue to the unknown response of

the vehicles at such largerrespondingleformations. This is especially important for

the heavy vehiclavhere the deformatiowill be largerat the same velocity

A suggestio for Eurocode would be to usestiffness which depends on the initial
velocity and mas®f the colliding vehicleThis would give a response that was closer
to the bilinear 2DOF response at different initial velocitiéghis would not be too
complicatedto introduce if only the properties of the bilinear material response is
fully known. More detailed studies of the ledidplacement relationship in vehicles
during collision impact needs to be conduct@tis needs to be made also for
different initial vdocities to determine if the bilinear material response is dependent
on the velocity as well.
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6 Final Remarks

The objecti ve olhaslednoisveshibats d cellisiorsimpadh and thes
resulting responses using both simplifeaad more advancedesign approaches. The
different methods, including a two degree of freed@DOF) system and a finite
element(FE) model,have also beecompared Thisis made in ordeto see how well
the simplified methodareable to describe the behaviafra collison impact against

a smply supported beam with elastic respanse

6.1 Conclusions

The overall behaviour of an impact is not dependent on the individual properties of
the involved objects but rather on the relationship between the properties. Therefore
conwenient parameter to use as a baséinear elasticanalyses is the ratio of the
eigenfrequencies of the two objects, which depends on the mass and stiffness of both
objects.

For a 2DOF systemhé load factoibe is a very convenient tool for obtaining the
resistingforce in the second bodyom the dynamic loadof an hardimpact. A good

way of presenting the load factor is to plot it as a function of the frequency ratio and
for different values of the massimt

The response in a beam during a collision can be very different from when a static
load is applied at the same position. This is more pronounced for collisions with high
frequency ratios wheréor examplethe maximum moment might occur at a different
section tharat the point of impact

For a collision on a simply supported beam, the correlation between the shear force
from the 2DOF system and FE analygigatly depends on the frequency ratio. The
correlation is also different depending on the impaasition. It is best when the
frequency ratio is close to zero and around two. Between these values the 2DOF
response is on the safe side for impacts close to the support, but the maximum shear
force might be greatly overestimated. For frequency ratioowb 2.5 the 2DOF
system produces results that are on the unsafe side compared to the FE analysis. When
using theconventional model, also referred to B&ggs model to calculate the
maximum shear force the results are larger compared to the 2DOF systath fo
frequency ratios. This implies that the Biggs response produces better results for high
frequency ratios, although it will be unsafe wellif the ratio is high enough.

In opposite to the shear forcdetmaximumdeflection of a bea obtained fromtte
2DOF modehklwayshasa good correlation with the FE analysis. It is also on the safe
side for all frequency ratios treatad this thesis This suggests that using the
equivalent static load for obtaining the sectional fonces/ not be valid for high
frequency ratios.

The loaddisplacement relationship for cars during a collision seems to have a bilinear
response with aonsiderablestiffness increase after a certain deformation. Even
though the overall behaviour obtained from crash tests are siihgaguld be noted

that thee aresome variation in the results depending on the model of the car and test
method used.The material response of the colliding vehicle was successfully
implemented in the 2DOF systeamd produced reasonable resuli®wever,these

were for some cases significantly different to what was found when usirigpéhae
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stiffnessproposed by Eurocod&urthermoreit was found thathe 2DOF response

can easily be estimated by utilizing the theory of hard impact and using an agieropri
vehicle stiffness. This stiffness depends on the velocity at impact and should be higher
for high velocities and lower for low veld@s. Which stiffness to use &sohighly
depenént on the mass of the vehicle.

The theory of hard impact is alsolied in Eurocode but here the same stiffness is
used for all types of vehicles and for all impact velocities, i.e. a linear response is
assumed. This stiffness is also very low compared to what was found from the studied
crash tests, indicating that théotained response might be too low. A proposed
revision for Eurocode is to use different vehicle stiffnesses for different type of roads
and vehicles.

6.2 Recommendations of approactior analysis

The following recommendations are valid for analyses of cafissiagainst simply
supported beams.

1 To estimate the shear fortee 2DOF systenshould be usedor frequency
ratios below 2.5 and Biggs for frequency ratios between 2.5 and 4.5. For
higher frequencyatios both the 2DOF system and Biggs will be on the ensaf
side andan FEanalysis may be necessary.

1 For frequency ratios above 1.5 it is possible to make a rough estimation of the
beam response using the deflection from the characteristic impulse. For the
shear force this response will always lie between th®©RDand Biggs
responses.

1 For vehicle impact against a rigid barrisuch as a heavy concrete structure,
the response can be estimated by utilizing the theory of hard impact and using
an appropriate vehicle stiffness. This will always give results on fhesike.

6.3 Further studies

In this thesis only elastic material respon$éhe beam has been studied. To make the
analysis more refined a plastic material behaviour should be implemented in the
models in order to study what effect thigght have on the tzan response. Nonlinear
response of the incoming object should also be investigated further.

To confirm that vehicles have a bilinear ledeflection curve more studies of crash
tests need to beonducted It is also of interest to study if this behaviouifets for
differentimpactvelocitiesand different types of vehicles, for example heavy trucks
Furthermoreit is important to determine what stiffnessto use since thesdérom
what is found in this thesiseem to bemuchlarger compared tovhat is gven in
Eurocode.

The correlation in shear force between the 2DOF system and FE analysis is, in this
thesis, studied up to a frequency ratio of about five. But at this frequency ratio the
tendency is that the correlation between the models will convergfgeasequency

ratio becomes even highevith the 2DOF model producing results on the unsafe side

It also appears like the difference between the impact positions will disappear for high
frequency ratios. These phenomena need to be investigated fardoafirm that this

really is the case.
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A similar diagram as the one describing the load fabtpras a function of the
frequency ratio could be created, but this time for the FE respobsth shear force

and momentrather than the 2DOF response. T$twuld be made for both an elastic
and plastic material response for both objects. The diagram should include high
frequency ratios talsomake it valid for a so called soft impact.

In this thesis only collision against a simply supported beam is stuzlied, could

also be interesting to study a beam with other support conditions. Furthernore
would be of interest to analyse a collision against a plate with different boundary
conditions. It then needs to be investigated how the sectional forcesd sheul
calculated and how the response and crack pattern differs from static loading. In the
same way as for the beam it should be determined how well a 2DOF system is able to
describe the response of a plate.

The bendingstiffnessEl, usedin the FEanalyss is modified by changing the value of
t he Y oun gk sathenthaichdnging the moment of inertiaThismeanghat
also the wave spgel in the material is changed atwlild be a reason why the response
is so different forvery soft beamsThis potential problem should be investigated
further bychanging the beam stiffness by modifying the moment of inertia directly.

An intense impact on a concrete structacelld cause spalling at the back of the
structure.A study of thisphenomenorshould be cared outin order to be able to
describe it in detail. It would also be useful to determine what simplified models to
use in order to predict the size and velocity of the spalled concrete.

A modal analysis of the beam deflection shape could be made, by Fsimgpr
transformations, in order to better understand the importance of each of the different
eigenmodes for different impact positions.
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Appendix A Central difference method

The central difference method is summarizesda step by step algorithm in this
appendix, see Table A.1, based@naigJr.andKurdila (2006)

TableA.1l  Algorithm for the central difference method, a tool for solving the
equation of motion.

Step 0 (0.1) Input the mass, damping and stiffness matides, K
(0.2) Calculate the LU factoration ofM
(0.3) Input the initial conditions gand \
(0.4) Set the simulation parameters including the tsteppt
(0.5) Calculate the initial acceleration from the equations of motio
# =M *(F(0)- CQ,- K Q)
(0.6) CalculatethelLLf act ori zati on of O
M C
— +—
Dt 2
(0.7) Cdculate the starting displacement value from the equation
2
Uy = U - DC# +Dt—cmtg
Step 1 Loop for each timestepgpt
Step 2 Solve the displacements for the next t+'mIep
6 aMm Cag 0
t+Dt_(Dt M +2@C %(t) &'( 8-1 $+2®?I_a§
Step 3 Evaluate the set of velocities and accelerations egate
- Ut = Ui ox
t 2@
#F t+Dt ZQ'I +ut Dt
[12
Step 4 sett =t angbtontinue to the next tingtep
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Appendix B Results2DOF system withoutbarrier
B.1 Elastic response

In this section results for Collision 1, Collision 2 and Collision 3 are presented,

accordingo the analysis discussed in sectih.1

TableB.1  Input parameters for the elastic classic collision analyses.
my mp kq Vo
Case
[kal [kal [kN/m] | [m/s]
Collision1 | 1000 10000 100 20
Collision 2 | 100000 | 10000 100 20
Collision 3 | 100000 | 10000 1000 20
4 25
2 20 vl
= / N 15 2
E, O _ N 'W \ V.
2 \\ g10 \
) NG > 5
4 > o |
O \ S 0 - \
S .6 S \
g AN g5\
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c) d)
FigureB.1 Results from an elastic classic collision, Cobisi 1, where

my =1 000kg, m, = 10000Kkg, ky = 100kN/m andvp = 20 m/s.
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B.2 Plasticresponse

In this section results for Collision 4, Collision 5 and Collision 6 are presented,

according to the analysis discussed in se@idr2

TableB.2  Input parameters for the plastic classic collision analyses.
My mp kl R]_ Vo
Case e
[ka] [kal | [MN/m] | [kN] [m/s]
Collision 4 1000 10000 100 200 20 0.033
Collision5 | 100000 | 10000 100 200 20 0.011
Collision 6 | 100000 | 10000 100 400 20 0.021
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FigureB.4 Results from a plastic classic collision, Collision 4, where
my =1000kg, mp,=10000kg, ki3 =100MN/m, R;=200kN and
Vo =20m/s.
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Appendix C Results 2DOF system wht barrier
C.1 Load factor bg

In Johanssor{2014a)a table anddiagram showing the relation betwetdre load
factor bg; and the frequency ratify / f, is presented for different values of the mass
ratiomy / my, this is shown imables C.1 and C.2hd Figure C.1.

TableC.1 Values for load factobe

Be= R/ Foel[-]

f,/f, | Hard my / my [-]
[-] | impact| 0.10 | 020 | 050 | 1.0 | 15 | 20 | 30 | 50 | 10 50 | 100

0.000| 1.000 | 1.000| 1.000| 1.000| 1.000| 1.000| 1.000| 1.000| 1.000 | 1.000| 1.000| 1.000

0.005]| 1.006 | 1.005| 1.005| 1.005| 1.005| 1.005| 1.005| 1.005| 1.005 | 1.005| 1.004 | 1.004

0.050| 1.050 | 1.050| 1.049| 1.049| 1.048| 1.047| 1.046| 1.044 | 1.041| 1.032| 0.986 | 0.993

0.100| 1.100 | 1.099| 1.099| 1.098| 1.095| 1.093| 1.091 | 1.086| 1.076 | 1.048 | 0.874 | 0.925

0.125] 1.125 | 1.124|1.122|1.118| 1.110| 1.103| 1.095| 1.080| 1.050 | 1.005| 0.802 | 0.651

0.150| 1174 |1.172|1.171|1.166| 1.158| 1.150| 1.141| 1.125| 1.091 | 1.006 | 0.874 | 0.578

0.175] 1.158 | 1.157| 1.156| 1.153| 1.148| 1.143| 1.137| 1.123| 1.092 | 1.002 | 0.672 | 0.517

0.200| 1.083 | 1.084| 1.085| 1.087| 1.090| 1.091| 1.091 | 1.086| 1.066 | 0.981 | 0.615| 0.461

0.225| 1.180 | 1.172| 1.165| 1.143| 1.108 | 1.074| 1.042| 1.027 | 1.024 | 0.949| 0.563 | 0.420

0.250| 1.268 | 1.258| 1.249| 1.221| 1.176| 1.134| 1.094 | 1.021| 0.976 | 0.915| 0.515| 0.382

0.275] 1.348 | 1.335| 1.323| 1.288| 1.233| 1.182| 1.134 | 1.047| 0.927 | 0.879| 0.479| 0.352

0.300| 1.418 | 1.403| 1.389| 1.347| 1.281 | 1.220| 1.164 | 1.063 | 0.899 | 0.843| 0.447 | 0.324

0.350| 1.536 | 1.515| 1.495| 1.437| 1.349| 1.269| 1.196 | 1.069| 0.873| 0.776 | 0.389 | 0.281

0.400| 1.625 | 1.598| 1.572| 1.498 | 1.387| 1.288| 1.200 | 1.051| 0.830| 0.713| 0.347 | 0.248

0.450| 1.689 | 1.656| 1.624| 1.534| 1.400| 1.284| 1.183| 1.016 | 0.777| 0.655| 0.310| 0.221

0500 1.732 | 1.693| 1.655| 1.549| 1.395| 1.264| 1.152 | 0.971| 0.722 | 0.602 | 0.281 | 0.200

0550 1.757 | 1.712| 1.668 | 1.548 | 1.375| 1.232| 1.111 | 0.920| 0.667 | 0.552 | 0.256 | 0.182

0.600| 1.768 | 1.717| 1.668| 1.534 | 1.345| 1.192| 1.064 | 0.867 | 0.627 | 0.506 | 0.235| 0.167

0.650| 1.766 | 1.710| 1.656| 1.510| 1.308 | 1.146| 1.014 | 0.814| 0.605| 0.465| 0.217 | 0.154

0.700| 1.755 | 1.693| 1.635| 1.478| 1.266 | 1.098| 0.964 | 0.763 | 0.583 | 0.429| 0.202 | 0.143

0.750| 1.736 | 1.670| 1.608| 1.442| 1.220| 1.049| 0.913| 0.714 | 0.560| 0.405| 0.188 | 0.133

0.800| 1.710 | 1.640| 1.575| 1.402| 1.173| 0.999| 0.863 | 0.667 | 0.537 | 0.386| 0.177 | 0.125

0.850| 1.680 | 1.607| 1.538| 1.359| 1.126| 0.951| 0.816 | 0.624| 0.513| 0.367 | 0.166| 0.118

0.900| 1.646 | 1.570| 1.499| 1.315| 1.078 | 0.903| 0.770| 0.583 | 0.489| 0.349| 0.157| 0.111

0.950| 1.609 | 1.531| 1.458| 1.270| 1.032| 0.858| 0.727 | 0.548| 0.466 | 0.332| 0.149| 0.105

1.000| 1571 | 1.490| 1.416| 1.225| 0.986| 0.815| 0.687 | 0.518 | 0.445| 0.316 | 0.141| 0.100

1.125] 1471 | 1.387|1.310| 1.117| 0.883| 0.721| 0.606 | 0.456 | 0.397| 0.281 | 0.126 | 0.089

1.250| 1.373 | 1.288| 1.211| 1.020| 0.797 | 0.648| 0.543 | 0.408 | 0.358| 0.253 | 0.113| 0.080

1.375| 1.283 | 1.198| 1.122| 0.936| 0.725| 0.588| 0.492 | 0.377| 0.325| 0.230 | 0.103| 0.073

15001 1.200 | 1.116| 1.042| 0.864 | 0.666 | 0.538 | 0.450 | 0.350| 0.298| 0.210 | 0.094 | 0.067
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TableC.2  Values for load factobg for hard impact.

f /1, el f /1, De filf, el
[] [] [-] [-] [] []
1.625 1.125 45 0.439 13 0.154
1.75 1.058 4.75 0.417 14 0.143
1.875 0.997 5 0.396 15 0.133
2 0.943 55 0.361 16 0.125
2.125 0.893 6 0.331 17 0.118
2.25 0.849 6.5 0.306 18 0.111
2.375 0.808 7 0.284 19 0.105
25 0.770 7.5 0.266 20 0.100
2.75 0.705 8 0.249 21 0.095
3 0.650 85 0.235 22 0.091
3.25 0.602 9 0.222 23 0.087
35 0.560 9.5 0.210 24 0.083
3.75 0.520 10 0.200 25 0.080
4 0.493 11 0.181
4.25 0.465 12 0.166
18 ;\\\ Hard impac
1.6 / ‘\~§§\ ——0.10
1.4 = ——020
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2 06 [ N \\:\:\ —30
kS \\ ~l \\\:\: 5.0
S 04 \\\ — —10
0.2 ] 50
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Frequency ratié, / f, [-]

FigureC.1 Relationship between load factdx, and frequency ratiof; / f, for
different relatiors of the mass ration, / mp.
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C.2 Elastic response

The load factor diagram together with the coordinates for the different impact tests are
presented in Figure C.2.

-8 —— Hard impac
T T
10 L T ——0.10
1.4 /d [~ ——0.20
' NN
1.2 s i ~%. N Ny ——0.50
) o ‘ ~~ T~ |—— 10
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FigureC.2 Relationship between load factdx, and frequency ratiof; /f, for
different relatiors of the mass ration, / mp.

All results from the analysis discussed in sec8¢hlare presented in this section.
TableC.3  Table showing the coordinateskingure C1 of tested impacts

Impact test numbe| Mass ratio| Frequency ratio| Loadfactorbe
1 0.1 0.6 1.72
2 0.5 0.5 1.55
3 15 0.4 1.29
4 0.2 0.2 1.08
5 2 0.2 1.09
6 0.2 0.15 1.17
7 2 0.5 0.97
8 3 1 0.52
9 15 1 0.81
10 0.5 1 1.22
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FigureC.9 Impact test number 7.
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Figure C.10 Impact test number 8.
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Figure C.11 Impact test number 9.
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FigureC.12 Impact test number 10
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C.3 Elasto-plastic response

The elasteplastic test uses the indata frofrable C4 as a base, then changes are made

to one parameter at a time in order to find the impact of each parameter

These results are not discussed in the meport but are included here since ight
be interesting to see how a elaptastic system behaves.

TableC.4  Base parameters for the analysis in this section.

my 2000 | [kqg]

mp 10000 | [kog]

Vo 20 [m/s]

ky 1 [MN/m]

ko 100 |[MN/m]

Ry 400 [N]

Ry 200 [N]

C-14
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FigureC.13 a, b and c shows the load pudstor different mass of the impacting
object, d, e and f shows the load pulses for different initial velocities.
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FigureC.14 a, b and ¢ shows how the load pulses changes for different stiffness of
the impacting object, d, e, and f shows the displacement for different
values to mass 1.
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Figure C.15 a, b and c shows the displacement for different initial velocities of body
1, d, e and f showthe displacement for different values of the stiffness
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FigureC.16 a, b and c shows how the velocity changes for different values of mass
1, d, e and f show how the velocity changes for different values of the
velocity .
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Appendix D 2DOF Effect of impact position on a beam

In this appendix all the results from the analysis discussedection 5.1 are
presented.
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FigureD.1 Results from the simulated collision, describing the differences in
position of impatfor both the incoming object and the beam.
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D.2 Stiffer beam
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FigureD.2 Results from the simulated collision with a stiffer beam, describing the

D-2

differences in position of impaéor both the incoming object and the
beam.
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D.3 Softer beam
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FigureD.3 Results from the simulated collision with a softer beam, describing the

0.30

0.30

differences in position of impaabrfboth the incoming object and the

beam.
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D.4 Stiffer colliding object
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FigureD.4 Results from the simulated collision with a stiffer object, describing the

differences in positin of impact for both # incoming object and the
beam.
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D.5 Softer colliding object
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FigureD.5 Results from the simulated collision with a softer object, describing the
differen@s in position of impact for both the incoming object and the
beam.
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Appendix E Results from finite element analysis

In this appendix all the results from the analysis discussed in segiibare
presentedin Table E1 the properties @8l in the different analyses can be seen.

TableE.1  The different set of properties used in each analysis.

Property set Spring stiffnes&; | Equi val en
number [KN/m] modulusk; [GP4
1 300 8.134
2 75 8.134
3 1200 8.134
4 300 2.034
5 300 32.537
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FigureE.1 Development of moment up to maximum moment over time éor fiv

different impact positions.
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FigureE.2 Development up to maximum shear force over time for five different
impact positions.
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FigureE.3 Development up to maximudeflection over time for five different

impact positions.
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FigureE.4 Comparison of maximum nasnses for five different impact positions.
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E.2 Stiffer beami Property set5
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FigureE.5 Development of moment up to maximum moment over time for three
different impact positions.
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FigureE.6 Development up to maximum shear force over time for three different
impact positions.
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FigureE.7 Development up to maximum deflection over time for three different

impact positions.
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FigureE.8 Comparison of maximum responses for three different impact positions.
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E.3 Softer beami Property set 4
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FigureE.9 Development of moment up to maximum moment over time for three
different impact positions.

E-10 CHALMERS, Civil and Environmental Engineering Ma sThegis2(1.4:80



-400

-300 — t=0.010

-200 — t=0.020
=-100 — .
=
g :\I\I IR
5 100 —_— ——1=0.080
& 200 — =
g — t=0.100
& 300 ——1=0.120

400 —1=0.123

00 05 10 15 20 25 30 35 40 45 50
x [m]

-300

-200 t=0.010

1100 — t=0.020
Z o | , ! — — t=0.040

——=0.060

? 100
ke) ——1=0.080
)
s 00 ——=0.100
? 300 —=— —1=0.120

400 —1=0.130

00 05 10 15 20 25 30 35 40 45 5.0
x [m]
-100
0 — I —

_ 90 t=0.010
=2
g 100 t=0.040
5 150
S 200 ——1=0.060
()
+ 250 t=0.080
2 300 ——1t=0.0995
” 350

400

00 05 10 15 20 25 30 35 40 45 50
x [m]

FigureE.10 Development up to maximum shear force over time for three different
impact positions.
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FigureE.11 Development up to maximum deflection rotme for three different
impact positions.
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FigureE.12 Comparison of maximum responses for three different impact positions.

CHALMERS, Civil and Environmental Engineering Ma st e 20l480Thesi s E.13



E.4 Stiffer colliding object i Property set 3
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FigureE.13 Development of moment up to maximum moment over time for three
different impact positions.
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FigureE.14 Development up to maximum shear force over time for three different
impact positions.
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FigureE.15 Development up to maximum deflection over time for three different
impact positions.
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FigureE.16 Comparison of maximum responses for three different impact positions.
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E.5 Softer colliding objecti Property set 2
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FigureE.17 Development of moment up to maximum moment over time for three

different impact positions.
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